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Abstract

In this article the equations of channel flow of fluid are considered. They are described by the continuity equation and the mo-
mentum equation depending on the rate of flow and cross-sectional area of flow.

It is shown that natural phenomena significantly affect the flow stability and received a condition that ensures the stability of
unstated flow at perturbation in initial and boundary conditions. Conditions of stability are checked on test examples, which depend on
the following parameters: established movement parameters and middle and bottom slope angles.

It is shown that in such assumptions the system of equations of channel flow of fluid is stable, if received conditions is executed.
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1. Introduction

One of the important tasks for the practice of open-flow stability is investigation of stability
in pseudoprismatic channels with big slope angle. The problem is to get the conditions under which
the wave that formed in channel as a result of small perturbations will increase or the conditions
under which such increase will not.

This problem is different from the usual formulations of stability problems, where devia-
tions are considered at a given point of the flow that will damped during some time.

It should be note that damping of small waves along the channel is a necessary condition
but not a sufficient condition for damping waves of finite amplitude, from instability flow at a point
follows instable flow in channel, though the stable flow at a point not mean stable flow in general.

Therefore, further along with classical Lyapunov stability, we consider different concepts of
stability of open channel flow.

2. Materials and Methods
2. 1. Analysis of the basic phenomena that affect the stability of channel flow
Investigation of the stability of turbulent channel flow [1] associated with the following
problems: on the one hand, we can get full information about the stability of the spatial formulation
of the hydrodynamics problem; on the other hand, the stability significantly affects the hydrody-

Computer sciences and mathematics



Reports on research (2016), «KEUREKA: Physics and Engineering»
projects Number 5

namic pressure, — data, which does not extend beyond the one-dimensional idealization of channel
flow. Therefore, this information narrows the limits of stability of turbulent channel flow. In such
conditions it is difficult to formulate general conditions for stability, so we present some of the ma-
jor natural phenomena affecting the stability, namely:

— occurrence of transverse circulation;

— aeration flow;

— occurrence of standing waves;

— occurrence of waves with increasing amplitude.

Transverse circulation in the flow can be explained by the fact that the flow lines of aver-
aged velocities are not straight but spiral. Curvature of the free surface affects the resistance due
to deformation of flow lines. In order to account for this effect it should have data on the structure
of the velocity field. These data can be obtained from the analysis of the stress tensor structure in
a three-dimensional model.

In the channels with a large slope (mountainous and semi-mountainous river) bottom flow
may be aerated. Consequently, the output equations describing such flow must proceed from two-
phase fluid dynamics. Processes in aerated flows are studied in [2]. The following hypothesis was
adopted in the derivation of its equations: the flow has a clear free surface, the viscosity of the liquid
inside is not taken into account, etc. Voinovich and Schwartz [3] considered the velocity of waves
on the boundary of two media (air and water). The authors obtained a result that indicates the start
of aeration conditions, but fails to provide a degree of aeration flow is the most important problem.
Trying to explain the origin of aeration, Voinovich and Schwartz was carried out hydrodynamic ap-
proach to the space problem. Therefore, our formulation of the problem [4] based on hydrodynamic
idealization is too “rough” for this effect.

Moreover, such hydrodynamic formulation of the problem makes it impossible to establish a
criterion for occurrence of standing waves, which form an acute angle with the axis of flow. There-
fore, they can be described by at least two spatial coordinates.

Therefore, for statement of stability problem of the established channel flow in [5] is possible
to analyze the impact of a fourth effect, namely, the occurrence of waves with growing amplitude.

2. 2. Investigation of the stability of wave flows in pseudoprismatic channels
To describe the motion of an incompressible fluid in a pseudoprismatic channel with the
vertical plane of symmetry [4—6] using the following system of equations:

9 o _

=0, 1
x ot M

b

119Q ocQBaHJr[l_aQZB]a_HHX Q dQ iK*-Q

gFat gF at Fglox Fgox K

where Q — flow rate, F — cross-sectional area, B — width of the channel, H — depth, K = CF\/E — the
capacity of the channel, C — Chezy coefficient, i — the angle of the midline of the channel bottom to the
x-axis, o0 — parameter adjustments of movement; that in result of unperturbed established uniform mo-
tion is constant:
Q=Qo, H=H0, B=B0, F=F0, K=K0.
As a result of perturbations:

H=H,+AH; Q=Q,+AQ; K=K, +AK; F=F, +B,AH, Q)

where H,, Q,, K,, F,— constant values that are stored H,Q,K,F in a uniform flow.
Substituting the value of H, Q, K and F from (2) to the system (1):
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Simplifying each of the components of this system, discarding small quantities of second
and higher order derivatives of small quantities we obtain:
11 9(Q+AQ) 11 9AQ
gF +B,AH ot gF ot

(Q, +AQ)B, o(H, + AH) _aQ,B, dAH
(F,+B,AH) ot g > ot
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£% , and denote uzg; h= B,AH
0 0

, then the sys-

Let the new variables s = Ex; T=t
tem (3) will look like: F

0

2
Q03B0 a_u_,’_a_h:O’
E'g ds dt

oh Q,’B, du _ 2QAK  2Q,AQ
ds E'g os KK, K,

Q/B, du__ |Q/B, oh 1_OLQOZBOJ
F3
08

To simplify let’s ignore the index zero at B, F, Q, K.
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Let A= Q3B; u= AKF ;i:Q—z,then
F BKAH K

du oh

A—+—=0;
3 ' ot
du oh oh ou .
Xg—akg'F(l—a}bz)g'i‘a;\.Zg:21(].Lh—u). (4)

From the first equation of (4) it follows that there exists a function ®(s,t) that

00 1 0@
Y ®

Substituting h and u in the second equation of system (4), we obtain:

h

’P 0P '@ oD  2i 00
1—oA’ - — 20 =i —+——. 6
(-ad ) o 2 e = Mt ©
Putting in (6) ® =e*"", where q and r — constant, we obtain the equation:
(on? ~1)g* +1° +2r(a%q+i)+ 2ipg = 0. %)

To investigate the stability under perturbation of the boundary conditions taker = w+/—1.
Then equation (7) can be written as

((X7L2 —1)q2 -0’ + Zw(ockq+%}/—71+ 2iug = 0. ®)

For stability it is necessary that condition is executed: Re g<0.
Applying Hurwitz theorem [10] to equation (8), we obtain

2(0%+Ziuq+q2 (0> —1)v=1+ -1+ 200kqy/-1 =0, ©

where

a, = (0> ~1); a, = 200A; a, = % b, =0; b, =2iu; b, = 2(»%.

Using [10], we calculate the determinants

V,= (xk:)—l 2;(:% = 2i;,t(ock2 —1);
oA’ -1 200A 0
0 2in 203% ol
V= 0 oA -1 200k ®° sae (Om _1)(7_@ —20cu+0c)).
0 0 2ip 20—
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Since that i= >0 and olA® >1 then V, >0. We obtain the stability

2

AKF
>0, take W= BKAH

.. o1
condition V, > 0, that is el >’ —20+ oL

Let’s investigate the conditions of stability at perturbation of the initial conditions. For this, we
assume q = w+/—1 and get:

—(ock2 - l)oo2 +r7+ 2r(0c7»m«/—7+%) +2imy—1 = 0.
Applying Hurwitz theorem [10], we have

\/——1(00»2 - 1)0)2 ++/-1r% + 2r(0c7»w\/—_1+%)+ 2iuw = 0,

where
a,=1; a, = 200A; a, = (0A> ~1)0% b, =0; b, = 2%; b, = 2ipo.

We write the determinant

1 2m0A 2
V = 1 =—
Tlo 2= |
1 200k o (00»2 —1) 0
0 2— 2ilm 0 |
vV, = :4120)2(—— u2—2au+ocJ
oo 200\ o’ (ocl2 —1) A? ( )
0 0 2— 2ip®
Let’s estimate V, = %
2 2
B
Based on the fact that i = Q—2 >0; A= Q3 >0, thus V, > 0.
K Fg

. S 1
Then we have the only condition of stability V, >0, or e >u’ =20 +o0.
Theorem 1. Let |\ >0, oo\* > 1, then the system (1) is stable if the following condition holds:

% >u =204+ o (10)
Condition (10) was first considered in [8] as necessary and sufficient condition for S-stabil-

ity with respect to small perturbations, which takes into account the forces that affect the change in

free surface flow. But then it was proved that this condition is only a necessary condition for S-sta-

bility. This criterion with oo =1 was independently obtained by two authors [9, 10]. This criterion

with oo =1 in (10) becomes the following condition:

1

— -1. 11
M (11)

Thus, having the condition Req— Repl—q < 0 [8] for the stability of channel flow we con-
mp

firmed the correctness of the mathematical formulation (1) for the formulation of the problem of
water flow motion in the pseudoprismatic channel.
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3. Results of research

3. 1. Test of stability criterion. Test examples

Let’s verify the stability condition for one-dimensional model of channel flow by changing
the angle of the middle bottom line. Table 1 shows the results for different values of o, yellow col-
or — value at which the stability criterion is satisfied.

Table 1

Test of stability criterion for different bottom flow
Ne L, m B, m Hm Um/s U,m/s F,m? /22 u o i ot & —a
1 150 2.5 0.04 10.2 42 0.1 0.0038  1.609 1.01 0.603  0.3709  0.3487
2 60 1.8 0.08 7.15 4.78 0.144  0.0153 1.553 1.027 0.243 0.305  0.2489
3 1160 1.8 0.3 9.26 72 0.54  0.03429 1.522 1.033 0.212  0.2725  0.205
4 600 1.9 0.107 6.94 5.5 0.2033 0.021772 1.574 1.04 0.148 03295 0.2435
5 200 2.6 0.06 5.32 4 0.156  0.020776 1.612 1.013 0.136  0.3745  0.4356
6 1158 4 0.08 6.89 5.7 0.32  0.016515 1.601 1.02 0.123 0.3612  0.3171
7 90 0.5 0.06 3.41 2.4 0.03  0.050567 1.476 1.05 0.104  0.2265 0.12897
8 176.5 0.5 0.06 2.94 2.28 0.03  0.068027 1.463 1.05 0.068  0.2144 0.11807
9 220 1.42 0.1 2.34 1.8 0.142  0.17897  1.564 1.12 0.055 03181  0.0627
10 220 1.42 0.1 2.34 1.8 0.142  0.17897  1.564 1.04 0.055 0.3181  0.23298
11 93 0.5 0.1 3.31 29 0.05  0.08944  1.408 1.05 0.043  0.1664 0.07567
12 240 0.5 0.08 2.76 2.42 0.04 010292 1.442 1.05 0.035  0.1954 0.10116
13 480 1.45 0.14 1.802 1.47 0.203  0.422517 1.564 1.080 0.034 03181  0.1479
14 460 1.7 0.12 1.68 1.4 0.204 04167  1.606 1.047 0.029  0.3672 0.26327
15 30 0.5 0.15 2.27 2.1 0.075 0.285276  1.391 1.05 0.017  0.1529 0.06378

Note: Q* =’ =204+ 0, values W are taken from [7]; L — length of channel

In Fig. 1, 2 it can be seen the value of the left and right sides of the stability criterion for
different values of o..
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Fig. 1. The value of stability criterion for oo =1

Fig. 1, 2 show execution of stability criterion (10) of Theorem 1 for different values of o
and the values of parameter %
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Fig. 2. The value of stability criterion for oo = o’

4. Conclusions

In this article the main natural phenomena are considered, which may influence on wave
stability of established flow in pseudoprismatic channels. It is shown that in this formulation of
the problem we can consider only the impact of increasing amplitude on the wave. Under such
conditions it should be considered not classical notion of stability of problem solution according
to Lyapunov (L-stability), but proposed S-stability criterion for problem (1) of established flows in
open pseudoprismatic channels, which analyzes the behavior of the wave amplitude for some time.
Perturbation of initial and boundary conditions is considered to investigate the stability.

The system of equations [5] is investigated to describe the established channel flow. As a
result of transformations we obtained equation, the real part of which solution should be negative.
Hurwitz theorem is applied for determination of the sign. Constraints for determinants, which were
formed from the coefficients of this equation, are derived on the basis of this theorem. Theorem 1 is
formulated, in which stability criterion of the problem is given in specified conditions. Verification
of criterion was conducted on test examples taken from laboratory investigations. The results show
that decrease of the slope angle and increase of value a contributes to the fulfillment of stability
criterion of the problem.
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