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Abstract
Six methods are considered in the analysis of the methods of angular superresolution of the signals: non-adaptive beamforming, 

Kapon, thermal noise, Bordzhotti-Lagunas, maximal entropy and multiple signal classification (MUSIC). The comparative character-
istic of the methods with assessing their advantages disadvantages and limitations is given. Theoretical resolution of these methods is 
assessed in the article.

Numerical evaluation of resolution ability of the methods of angular superresolution of the signal are obtained based on the 
simulation of various scenarios of signal-to-noise ratio, taking into account the use of correlated and uncorrelated signals, a different 
number of antenna elements and the values of the signal/interference+noise ratio. These estimations show the ultimate theoretical accu-
racy of the methods and the potential for their use in problems of space-time access with set limits.

The simulation results confirmed the statistical consistency of these methods of estimation of arrival direction angles of correlat-
ed and uncorrelated signals from subscriber stations for the space-time sampling in the output of the linear equidistant antenna array.

The present analysis and research results make it possible to select the most effective method for determining the arrival of 
signals in accordance with the given parameters of signal-to-noise ratio under restrictions.
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1. Introduction
Currently, in the world and in Ukraine, there is shortage of using the frequency, time and 

code resources and there is a necessary for additional physical resources, implementing more ef-
ficient use of radio frequency resources, increase of network bandwidth and increase of the pro-
ductivity of mobile communication system as a whole [1–3]. In this aspect, the use of promising 
methods space-time access (STA) methods in a mobile communication system is prospective [4].

The main issues in the STA problems using adaptive antenna arrays (AA) is the problem 
of determining the direction of arrival of signals from the mobile subscriber station (SS). This 
problem is solved on the basis of different methods: using an equisignal zone direction finding, 
estimations of AA directional characteristics, with the Rayleigh resolution, with superresolution 
(SR), etc. that have their performance [5, 6].

Methods for Direction of arrival estimation (DOA) are the basis of many telecommunica-
tions applications. Analysis of these methods in terms of their effectiveness and feasibility is suffi-
ciently urgent task for solving STA problems in mobile communication systems.

The problem of determining the direction of arrival of the electromagnetic wave is as an in-
dependent value (radio emission sources direction finding) and an integral component of the more 
general problems of radiocommunication, radiolocation, navigation and other [7].

Estimation of the theoretical resolution ability of some superresolution methods are con-
ducted by the author as a part of investigated problem. The values of ultimate theoretical accuracy 
of these methods are obtained based on the simulation of various scenarios of signal-to noise ratio.
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2. Materials and methods
Implementing the superresolution methods in the space domain, it is possible to determine 

the position of the spectral components (directions of arrival), analyzed (received) signals. In the 
works of Johnson and Kapon et al. [8, 9], methods of superresolution of the signals separated by 
an arbitrarily small distance were developed based on the methods of nonlinear spectral analysis.

There are a large number of algorithms realizing SR method. Among these are: [5]:
1) methods based on the determination of the local maxima positions of pseudospectrum 

( )D θ  at the space scanning: Kapon, “thermal noise” and Bordzhotti-Lagunas;
2) methods based on the spatial correlation matrix R decomposition into the eigenvectors 

Vk and the k – eigenvalues – MUSIC method, EV (eigenvector);
3) methods based on the separation of signal and noise spaces. There are ROOT-MUSIC and 

ESPRIT methods, focused on the use of linear equivalent AA.
Generalized comparative characteristics of the most popular methods to evaluate the direc-

tion of the angular superresolution of the signal is shown in Table 1.
It is interest to obtain the resolution estimation of the presented methods of angular super-

resolution depending on the number of arrival signals from different directions, the values of the 
signal/(noise+interference) ratio (SNR), signal correlations and their quantity, the number of anten-
na array elements based on the analysis of the Table 1.

3. Research of estimation methods of the arrival direction of the signals with superresolution
Investigation of estimation methods of the arrival direction of the signals with superreso-

lution of 8-element equidistant linear AA is conducted on the basis of simulation in MatLab13.h 
package.

The basis of the analysis of superresolution methods is the next: non-adaptive beamforming 
(NBF), Kapon, thermal noise, Bordzhotti-Lagunas, maximum entropy (MEM), multiple signal 
classification (MUSIC).

Resolution estimation of the methods of angular superresolution of the signals by the pro-
posed method is based on simulation of 5 signal-to-noise ratio scenarios with variations of different 
parameters.

Values of parameters, which close to the limit of stability of methods, were used in order 
to obtain adequate quantitative and qualitative assessments of the theoretical limit of accuracy of 
methods and presented in the Table 2.

The aim of the task of evaluation of angular superresolution methods of the signals is to 
determine the angular coordinates of radiation sources under observation of M-data sample from 
outputs of 8 antenna elements of equidistant linear AA and comparative analysis of the methods 
according to the resolution criterion.

We use a number of assumptions in this study:
– the number of estimated signals is known (this allows to select the number of training 

samples equal to the optimum and thus avoid additional losses);
– the number of estimated signals does not exceed the number of antenna elements (other-

wise, we obtain degenerative estimations);
– the signals are unknown deterministic functions (it is typical for communication systems);
– set of N any directed vectors is linearly independent (AA lattice set is unique just in case if 

any set of unique direction vectors N that form this lattice set in a multiply domain forms a linearly 
independent set at, where M – the AE number) [10];

– gaussian white noise is used as a noise in the processing band. It is uncorrelated in all 
spatial channels with the same capacity (additional evaluation of the noise parameters considerably 
complicates the task of estimating the direction of arrival of signals).

The analytical model for estimating the AA weight vector is much more complicated in the 
case of non-accounting of the assumptions due to the increase in the number of parameters defining 
the a priori information about observed AA processes. This significantly increases the computa-
tional complexity that makes the data model practically unrealizable.



Reports on research 
projects

(2016), «EUREKA: Physics and Engineering»
Number 5

18

Computer sciences and mathematics

Table 1
Comparative characteristics of the evaluation methods of the arrival direction of angular superresolution signals

№ Evaluation method of  
arrival direction of the signals

Advantages Restrictions and  
disadvantages of the method

1 The classical method of beamforming
(Bartlett’s method or the method of delays – the 
expansion of the spectral Fourier analysis), [10]:

( ) ( ) ( )
( ) ( )
H

xx
F H

a R a
D ,

a a
θ θ

θ =
θ θ

� �
� �

( )ν θ
�

 – AA response vector, i. e. columns of 
weight coefficients for all angles of arrival of 
signals

A simple implemen-
tation

The method is based on the AA beam scanning in the 
space and determining the maximum level of radiation.
Low resolution is determined by the width of the main 
AA beam and minor lobe levels
Resolution depends on the width of the main AA 
beam and is connected with the restriction of Rayleigh 
resolution.
The disadvantage can be reduced by increasing the 
number of AA elements.
The increase in S/N ratio or increase in observation 
time does not change the resolution

2 Algorithms for linear prediction (autoregres-
sive model algorithm or maximum entropy 
method (MEM)), [11]:

( ) ( )
2H1 1

MEM 11 1D R a R .− −θ = θ�

The applicability to the analysis of time series 
(time range). Restricting the use of a spatial 
spectrum estimation of linear equidistant lat-
tice with a uniform amplitude distribution

Application possi-
bility of AA with an 
irregular structure of 
the antenna compo-
nents (AS)

The complexity of the correct evaluation of the required 
order of autoregressive model – filter length (vector 
length 1

11R − ).
Spectrum is smoothed at a small filter length, but with 
poor resolution and very large length of prediction filter, 
with good resolution, resulting in highly fluctuating 
range – a high level of minor lobes of a random nature.

3 Kapon method (Minimum variance method 
(MVDL) – the method of minimal deviation or 
the minimal variation (dispersion)), [9]:

( ) ( ) ( )( )C

H 1D 1 a R a−θ = θ θ� � .

Apply to any AA 
configuration (one-, 
two-, three-dimen-
sional, regular and 
irregular AA)
Increase of resolution 
in comparison with 
the Fourier method

The necessity for a large number of training samples 
(twice the number of lattice elements) that increases the 
volume of computational operations.
Low efficiency of the method with small sample sizes 
and the initial data.
Inability of signal detecting from strongly correlated 
sources.
The number of AA elements does not impose restric-
tions on the resolution. Resolution grows unrestricted 
by increasing the signal/noise ratio and the sample size

4 Thermal Noise Algorithm (TNA), [12]:
( ) ( ) ( )

TNA
D 1 (a R a ).θ = θ θ� �

A high-resolution algorithm is obtained using 
high degrees of inverse correlation matrix:

( ) ( ) ( )( )D 1 a R a ,θ = θ θ� �
 k 2>

Resolving power 
increases under ideal 
conditions (excluding 
technical perfor-
mance and hardware 
errors) compared with 
the Kapon method

Real resolution remains the same with increasing k 
degree, but the computational complexity significant-
ly increases

5 Borjotti-Lagunas method [13]:

( ) ( ) ( )
( ) ( )

H 1
C

BL H 2
TNA

a R aDD .
D a R a

−

−

θ θ
θ = =

θ θ
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It refers to a group of 
algorithms based on 
evaluation of the ther-
mal noise parameters

Normalization of the signal/noise ratio at the AA 
output by the thermal noise power

6 MUSIC method
(Multiple signal classification), [14]:

( )
( ) ( )

MUSIC R
H H

k k
k M 1

1D ,
a Q Q a

= +

θ =
 

θ ⋅ θ  ∑� �
 

where Qk – eigenvectors of the correlation  
matrix R; M – the number of radiation sources

Large resolution in 
comparison with the 
Kapon method.
The method is 
effective when the 
signal/noise ratio 
and the number of 
AA elements tend to 
infinity.
It is apply to any AA 
configuration

MUSIC method is the limiting case of Kapon when S/N 
ratio tends to infinity.
The necessity for a preliminary evaluation of the dimen-
sion of the signal and noise subspaces.
It is critical to the uncertainties of the parameters of the 
mathematical model and to the value of signal/noise 
ratio, when the sources are closely spaced.
High computational complexity of the method is deter-
mined by calculating the singular decomposition of the 
covariance matrix of outputs of AA elements.
The method does not give results for correlated signal 
sources. Root-MUSIC allows to find the coherent 
signals
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Table 2
Initial data for the implementation of simulation scenarios of the valuation methods of arrival directions of 
the angular superresolution signals

Paramneter Value
Simulation scenario 1

The number of analyzed signals 4
The number of AA antenna elements 4

The signal/noise+interference, dB 0; 20
The signal phase π/4 π/3 π/2 π

The arrival angles of the signals, β –20о –10о 0о 30о

Simulation scenario 2
The number of analyzed signals 4

The number of AA antenna elements 4
The signal/noise+interference, dB 0; 20

The signal phase π/4
The arrival angles of the signals, β –20о –10о 0о 30о

Simulation scenario 3
The number of analyzed signals 4

The number of AA antenna elements 50
The signal/noise+interference, dB 0; 20

The signal phase, π/4 π/3 π/2 π
The arrival angles of the signals, β –20о –10о 0о 30о

Simulation scenario 4
The number of analyzed signals 4

The number of AA antenna elements 4 10 50 100
The signal/noise+interference, dB 0

The signal phase π/4 π/3 π/2 π
The arrival angles of the signals, β –20о –10о 0о 30о

Simulation scenario 5
The number of analyzed signals 8

The number of AA antenna elements 10; 50
The signal/noise+interference, dB 0

The signal phase π/8 π/4 3π/8 π/2 5π/8 3π/4 7π/8 π
The arrival angles of the signals, β –15о –35о –55о –80о 15о 35о 55о 80о

4. The simulation results of the resolution evaluation of angular superresolution methods
Scenario 1. Uncorrelated signals are considered from the 4 point radiation sources with the 

arrival angles: –20о, –10о, 0о, 30о
 and phase 4π , 3π , 2π  and π  (Table 2). The number of AA 

elements – 10, the distance between the AE – d 2= λ . Signal/noise ratio: 0.20 dB. Analysis of the 
curves in Fig. 1 shows that a non-adaptive beamforming method (Fourier) does not allow the spa-
tial separation of the signals, as can be seen 3 of the 4 signals are in the same resolution element. 
Other methods have higher resolution characteristics and allow to estimate the arrival angles of 
signals with different data accuracy. As can be seen, the most precision method is the MEM, at the 
same time the false peaks are observed in the spectrum. Only MUSIC and MEM methods provide 
a maximum capacity of arrival of signals from consideration areas. (Fig. 1, b) The resolution of the 
methods is significantly increased with the increase of SNR  up to 20 dB except Bordzhotti-Lagu-
nas and classical NAB methods.
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                                 a                                                                                            b
Fig. 1. The dependency graphs of emission power on the arrival angle of uncorrelated signals of 

superresolution methods: a – SNR=0 dB; b – SNR=20 dB

Scenario 2. This scenario provides arrival of 4 correlated signals with the phase 4π . As 
seen from the results shown in Fig. 2, b almost all methods aren’t appropriate to the task of evalu-
ation of the spatial separation of the radiation source at SNR  ratio 0 dB. The best result is provid-
ed by MEM method in the case of increase of SNR  ratio up to 20 dB.

                                                                   a 

                                                                   b
Fig. 2. The dependency graphs of emission power on the arrival angle of correlated signals of 

superresolution methods: a – SNR=0 dB; b – SNR=20 dB
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Scenario 3. Let’s consider the option of AA use with the number of elements is 50 (Fig. 3, a). 
As can be seen from the analysis of the obtained relationships, MEM method gives false peaks for 
evaluation of spatial radiation of the sources, which generally degrades its characteristics regard-
less of the ratio (Fig. 3, b). The most accurate methods are MUSIC and Kapon methods. Reducing 
or increasing of the SNR  ratio does not significantly affect the resolution of the method.

а

b

Fig. 3. The dependency graphs of emission power on the arrival angle of uncorrelated signals of 
superresolution methods with the number of AA elements: N 50= : a – SNR=0 dB; b – SNR=20 dB

Scenario 4. Let’s analyze the resolution of superresolution methods using AA with the num-
ber of AE: 4; 10; 50; 100 at SNR 0=  dB (Fig. 4, a–f ). The nature of relations shows that the reso-
lution of the direction evaluation of arrival of the signals for each of these methods can be signifi-
cantly increased by increasing the number of AE.

Scenario 5. The estimation results of arrival direction for 8 signals with different phases and 
angles of arrival using the AA with the 10th and 50th AE are shown in Fig. 5, a–c (Table 2). As 
can be seen from the nature of the dependencies in Fig. 5, a, b, the key parameter influencing the 
resolution is the ratio of the estimated number of signals and AE.

As can be seen from the analysis of the dependencies in Fig. 5, that correlation matrix de-
generates when the number of antenna elements is equal to 10 and neither of the methods provides 
the spatial separation of the signals, because the number of signals exceeds the sum of the average  
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number of antenna elements and the rank of the correlation matrix 
{ }xxN rank R

(N )
2

+
>  [12].

Several improvement of spatial estimation result of arrival of signals is possible by increas-
ing the number of AE to 50 items and as can be seen in Fig. 5, b, consistently good results gives 
MUSIC method at values SNR=0 dB.

                   а                                                                                                b

                     c                                                                                                d

                      e                                                                                             f
Fig. 4. The dependency graphs of emission power on the arrival angle of uncorrelated signals of 

superresolution methods with the number of AA elements а – f: N 4;10;50;100=  and SNR=0 dB
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                      а                                                                                           b
Fig. 5. The dependency graphs of emission power on the arrival angle of uncorrelated signals of 

superresolution methods with the number of AA elements: а – N 10= ; b – N 50=  and SNR=0 dB

It should be noted that the obtained estimation results of resolution of these methods are 
potentially achievable under these assumptions of analysis technique.

5. Conclusions
Analysis of the simulation results of resolution estimation of the arrival angles of the signals 

from 4 sources of radiation is shown:
1. Classic non-adaptive beamforming method is the easiest in the practice, however, it has a 

major disadvantage associated with the restriction of the Rayleigh resolution [9]. Analysis of curves 
in Fig. 4 is shown that this disadvantage can be decreased by the increase in the number of AE. Im-
provement of S/N ratio or an increase in observation time does not change the resolution (Fig. 1, a, b).

2. Estimation of the spatial resolution of the sources using Kapon method exceeds the clas-
sical beamforming method, because it uses every available degree of freedom for the concentration 
of produced energy in the direction of interest bearing. Existing energy minimization power can 
be interpreted as a limitation of the ability to suppress noise for more focused zero formation in 
the direction of presence of other sources. This reduces the spectral dispersion with closely spaced 
sources, although the resolution of the antenna pattern forming depends on the signal-to-noise ratio 
according to Kapon (Fig. 1, a, b) and the SS aperture (Fig. 4, c).

3. Kapon method has the lowest resolution (Fig. 1, a) among the non-parametric methods 
of continuous analysis: “thermal noise” and Bordzhotti-Lagunas. However, when the AE number 
increases, which increases the final length of the sample on the background of random amplitude 
and phase errors in the receiving channels, Bordzhotti-Lagunas and “thermal noise” methods may 
lose the advantage compared with Kapon algorithm (Fig. 3, b).

4. The method of multi-signal classification MUSIC is a limiting case of Kapon method for 
signal/noise ratio tended to infinity, which is consistent with a higher resolution of MUSIC compared 
with the Kapon algorithm. Analyzing the graphs in Fig. 1, a, b, we conclude that the MUSIC method 
is able to provide a solution, regardless of the signal-to-noise ratio, the incoming signal at a sufficient 
angular separation of sources. However, from the analysis of [6, 9, 11] it is known that the MUSIC 
method is critical to the uncertainties of the parameters of the mathematical model, as well as to the 
value of signal/noise ratio in the case where the sources have similar bearings. As seen from the 
graphs in Fig. 2, a, b, MUSIC method assumes uncorrelatedness of signal sources that in the real 
cases of multipath emission is not always feasible. If SNR value and time for data acquisition are suf-
ficiently large and signal model is fairly accurate, the MUSIC method gives the statistically consistent 
estimations, surpassing other estimation methods discussed in the article (Fig. 1, b).

5. The simulation results confirm the statistical consistency of considered estimation methods 
of arrival angles of the signals from subscriber stations. Evaluation was carried out based on the space-
time in the output of 8-element equidistant linear array, considering the cross-correlation of the signals.
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6. Under ideal conditions, these superresolution methods make it possible to obtain the ac-
curate values of the arrival directions of the signals. However, it is assumed that a higher quali-
ty of reception (signal/noise ratio) is necessary for the successful solution of the superresolution 
problem. Geometric and electromagnetic parameters of the AA, the exact coordinates of the AE  
 installation will be precisely known, taking into account the condition 

max

d
2sin

λ
<

θ
, where d – the 

distance between adjacent AA, parameters of resolved signals.
7. Based on the study, it becomes clear that the globally optimal superresolution method 

does not exist. The attractiveness of various methods is largely dependent on the presence and vol-
ume of a priori information about investigated processes, the method of evaluation of AA response 
vectors and its method of its use in relation to the current signal-to-noise ratio, AA configuration, 
its geometrical parameters and other.

In addition, there are some negative outcomes of decisions – the occurrence of false marks the 
detection of non-existing radiation sources, bias in the estimates of the arrival directions of signals.

The comparative analysis showed that the problem of using superresolution methods in the 
tasks of space-time access remains relevant for research, because the issues related to obtaining 
objective estimations of extreme accuracy of arrival angles of the signals depending on a number 
of individual parameters in the current signal-to-noise ratio are insufficiently studied.

The simulation results of methods with obtaining numerical estimations of resolution 
showed that the resolution of these methods allows their use in the tasks of space-time access under 
strictly limited circumstances.
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