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Abstract
In the analysis of the parameters series of wire cross-sections for the overhead power line design taking into 

account their development prospects, the author solved the following tasks. The study of the existing parameter, 
which characterizes and determines the optimization option of the technical and economic model for the design of 
overhead lines, which allowed showing the unreasonableness of using the economic current density as the basic 
optimization parameter of the technical and economic model of overhead lines is performed. The wire cross-section 
as the basic optimization parameter of the technical and economic model of overhead lines is proposed. The scale 
growth factor of the parameters series of wire cross-sections is obtained by the criteria-based method, which allowed 
developing an optimum scale of wire cross-sections. Estimation of the statistical characteristics of the distribution 
of the relative value of wire cross-sections is carried out. The introduced hypothesis of a log-normal distribution law 
of the current density is tested using the Pearson’s chi-squared test for finding the relationship of relative variation 
of the initial information on the scale growth factor of wire cross-sections. The effect of the optimum scale of wire 
cross-sections on the regulations of reconstruction, which is due to the load rate and growth variations in the power 
grid is determined.

Keywords: overhead line, wire cross-section, technical and economic model, criteria-based method, Pearson’s 
chi-squared test.
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1. Introduction
Operation conditions of the electric power industry dictate the need for the power grid (PG) 

facilities, including overhead power lines (OL) to be optimally designed, which means economi-
cally feasible taking into account the technical parameters and development prospects of facilities. 
Therefore, variations in the OL parameters over time, the variation dynamics of which depends on 
the load rate and growth should be considered.

For the OL design, it is necessary to select economically feasible parameter values, which 
are determined in the implementation of technical and economic models and reflect the specifics 
and development prospects of the facility. In addition, the issues of economic stability and sensitiv-
ity of solving such problems, allowing some deviations from the resulting optimum option, as well 
as taking into account variations in economically feasible parameters over time, which predeter-
mines the OL development strategy and tactics are relevant.

2. Literature review and problem statement
The problems of optimization of PG facilities are relevant for both the EU countries and 

Ukraine. The development strategy of the electric power industry is based on the principle of op-
timization and unification, including of a number of components of the power grid equipment [1]. 
In [2], the issues of unification of PG with distributed generation sources are considered, but the 
OL optimization problems are not sufficiently disclosed. In [3], the problems of optimization of 
the parameters series of wire cross sections of 110–750 kV OL are examined, but estimation of the 
relationship of the initial information variation on the scale growth factor of wire cross sections is 
not performed.

Selection of optimization parameters requires an integrated approach, which is especially 
needed in the OL analysis. Since the parameters of the lines depend not only on the PG operation 
modes, but also load variations in the PG over time. A comprehensive analysis for the OL design 
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taking into account their development prospects involves the implementation of technical and eco-
nomic models, which gives a complete behavior pattern of the optimization parameters.

This problem can be solved using the methods of dynamic and linear programming, which 
allow finding the optimum development plan of OL. The difficulty of solution is caused by the fact 
that the dynamic programming is ineffective in implementing the model that contains more than 
three optimization parameters. Linear programming implements linear models, which certainly 
distorts the actual functional relationship within the optimization object, since linear models lin-
earize all existing nonlinear dependencies [4, 5].

The advent of the criteria-based programming methods made possible the analysis of nonlin-
ear technical and economic models of OL [6, 7]. The experimental design technique and mathemat-
ical statistics allow checking the initial information variation on the optimization parameters [8–10].

3. Research purpose and objectives 
The purpose of the research is to analyze the parameters series of wire cross-sections for the 

design of overhead power lines taking into account their development prospects.
To achieve the purpose, it is necessary to solve the following tasks:
– to examine the existing parameter, which characterizes and determines the optimization 

option of the technical and economic model for the overhead line design;
– to propose the optimization parameter of the technical and economic model of overhead 

lines, which takes into account the load rate and growth variations in the power grid;
– to justify the scale growth factor of wire cross-sections and develop the optimum parame-

ters series for the overhead line design taking into account their development prospects;
– to estimate the statistical characteristics of the distribution of the relative value of wire 

cross-sections for finding the relationship of the initial information variation on the scale growth 
factor of wire cross-sections of overhead lines;

– to determine the effect of the optimum scale of wire cross-sections on the regulations of 
reconstruction, which is due to the load rate and growth variations in the power grid.

4. Research materials and methods, which substantiate the effect of the scale of wire cross- 
sections on the technical and economic model optimization for the overhead line design

4. 1. Materials and methods of studying the parameter, which characterizes and deter-
mines the optimization option of the technical and economic model of overhead power lines

The economic current density of OL is mainly used today as the parameter, which characterizes 
and determined the optimization option of the technical and economic model for the OL design [11].

Using the economic current density [11], the analysis of the OL parameters on the example 
of 10 kV OL in several PG in the eastern Ukraine is performed. In the analysis, the assumption is 
made that the current density occurrence on a site of lines is a random variable.

The results are presented in the form of statistical series and given in Table 1.

Note: li is the range of current density values; mi is the number of observations in the given range; 
Pi

* is the corresponding frequency of occurrences

Table 1
The statistical series for the sample values of 10 kV OL

li mi Pi
* li mi Pi

*

0÷0,1 5 0,038 0,5÷0,6 10 0,08

0,1÷0,2 24 0,18 0,6÷0,7 8 0,06

0,2÷0,3 18 0,14 0,7÷0,8 11 0,083

0,3÷0,4 23 0,17 0,8÷0,9 6 0,045

0,4÷0,5 20 0,155 0,9÷1,2 6 0,045
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To analyze the OL parameters, the author introduced the hypothesis:
Н0 – the distribution law of the studied statistics is lognormal.
The lognormal distribution is determined by two parameters: j0 and σz 0lg j  represents the 

expected value of a random variable =m lg j, and σz – its standard deviation.
Knowing the distribution parameters, the probability of the frequency Рi of the random vari-

able I falling within the range between α and β is determined according to the expression:

α < > β =iP ( j )
β − α −   −      σ σ

m m
Ф Ф ,                                             (1)

where += = − σ = σ = − β = α =0 Z i 1 im lg j 0,4368; 0,2880; lg j ; lg j ; ji is the boundary value of the current 
density on the ranges [12].

The calculation results (1) in the form of statistical series for the estimated values are pre-
sented in Table 2.

Note: li is the range of current density values; mi is the number of estimated observations in the 
given range; *

iP  is the corresponding frequency of occurrences

Using (1), it was found that the introduced hypothesis does not contradict the actual data 
presented in Table 1, since the estimate of the expected value of the current density is =−4368 
and =0,365 А/mm2.

To analyze the criterion by the statistical series (Table 2), the following is set:
– the number of degrees of freedom n=k–2=10–2=8;
– the level of significance α=0,05.
To test the hypothesis, the Pearson’s chi-squared test (χ2) is used.

=

−
χ = ∑

* 2k
2 i i

i 1 i

(P P )
N

P
,                                                           (2)

where χ2 is the Pearson’s chi-squared test; N=125 is a set of random numbers; k is the number of 
ranges; *

iP  is the corresponding frequency of occurrences; Рi is the probability of the random vari-
able falling within the range [10].

Calculation by (2) gave the value of the Pearson’s chi-squared test χ2=10,41.
The critical Pearson’s chi-squared test statistics for n=8 and α=0,05 has the values χ2=15,51 [10].
Since 10.41<15.51, the decision is made:
γ0 – the null hypothesis is not rejected.
Based on the lognormal current-density distribution law, the range of current density values 

is determined. This range appeared quite large (0,1÷1,2) А/mm2, so the resulting value can not be 
considered as the range of economic stability, since almost any value of the current density in this 
range will be economically feasible, which is obviously incorrect.

This value of the range is the result of the non-simultaneous start of PG operation. For the 
optimum parameter to be taken as the economic current density, its value should be maintained 
in all the PG sites, which is virtually impossible due to the discrete nature of the scale of wire 
cross-sections, as well as the load current, varying from site to site.

Table 2
The statistical series for the estimated values of 10 kV OL

li Pi
* li Pi

*

0÷0,1 0,067 0,5÷0,6 0,08
0,1÷0,2 0,156 0,6÷0,7 0,076
0,2÷0,3 0,205 0,7÷0,8 0,045
0,3÷0,4 0,165 0,8÷0,9 0,031
0,4÷0,5 0,134 0,9÷1,2 0,053
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The research has confirmed the need to take into account the discrete nature of the scale of 
wire cross-sections to optimize the technical and economic models of OL when designing econom-
ically feasible values of OL parameters considering their development prospects.

4. 2. Research materials and methods that allow developing the optimum scale of wire 
cross-sections for the overhead line design

The author proposed the wire cross-section as the basic optimization parameter and made 
the assumption that the load distribution over the area is uniform.

One of the criteria for selecting the optimum option of the OL design is minimum discount 
costs. Given this criterion, as well as the proposed optimization parameter, the technical and eco-
nomic model of discount costs (Зi) of OL is enhanced, the main feature of which is the change of 
the analytical relationship of investments in OL with the wire cross-section (F):

= + + + ρτβ ×2 	1
іЗ (Е р)(а вF) (3I ) F ,                                                (3)

where Е is the bank rate, %; р is the coefficient of deductions for depreciation, repairs and 
maintenance of the line; а is a constant of the cost of 1 km of OL, which depends on the type of 
poles, OL design, voltage class, monetary units (MU)/km; в is the appreciation index consider-
ing variations in the cost of 1 km of OL depending on the wire cross-section, normalized in the 
corresponding voltage class, MU/(km·mm2); F is the wire cross-section, mm2; I is the maximum 
line current, A; ρ is the specific resistance of a conductor material, Ohm∙mm2/km; τ is the time 
of maximum losses, h/year; β is the unit cost of power losses, MU/(kWh) [13].

In view of the fact that the technical and economic models of OL are similar in terms of the 
similarity theory, the ratio of the previous discount costs to the following within the same param-
eters series will be identical [13], which is a prerequisite for constructing the parameters series of 
wire cross-sections of OL:

+
+ + −

− − +
−

− −
= ≡

− −

і 1
і i 1 i i i 1 i 1 i

і і i 1 i 1 і i i 1
і 1

З
K r K r r r

idem
З K r K r r r

,                                                 (4)

where ir  is the resistance of the i-th wire;  is investments in the i-th line [3].
According to the theory of similarity, the author used the criteria-based method [3, 4] for finding 

the optimum parameters series in a first approximation, which allowed avoiding the initial information 
uncertainty. For this, the technical and economic model of OL (1) is written in the form of criteria:

−= π + π0,25 1
1 2* * *

З F F ,                                                            (5)

where 
*
F  is the relative value of wire cross-sections; π1 and π2 are the similarity criteria.
The model (3) is analyzed using the criteria-based method to justify changes in the analyti-

cal relationship of investments and the wire cross-section, which allowed forming the appropriate 
optimization parameter ( 0

*
F ):

π 
 =

π  

0,8

1 2
*

0
* 2 * 1

F
F

F
,                                                               (6)

where 
* 1
F , 2

*
F  are the relative values of adjacent wire cross-sections; π1=4/5, π2=1/5 are the similarity 

criteria, determined from systematic procedures of the criteria-based method [3, 13].
To estimate the statistical characteristics of the distribution of the relative value of wire 

cross-sections 
*
F  of OL, the “sample” from “general populations” is formed and the assumption is 

made that the cross-section value in the variability range is a random variable. The experimental 
design technique, which allows carrying out a limited number of experiments according to a cer-
tain plan is the most acceptable to achieve the goal [10].
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The experiment involved two combinations of the levels of each factor (upper and lower). 
The coded values of factors are “+” and “–”. A full factorial experiment of the 2k type with the total 
number of experiments of N=2k, where k is the number of factors influencing the wire cross-section 
is conducted. On the basis of matrices of statistical populations, the value of the OL wire cross-sections 
per unit is formed as the statistical series of distribution of a random variable [10].

The estimate of the expected value of the given distribution is equal to 1, since the expected 
value of the parameters in (5) is equal to 1.

The variance estimate 
*
FD  of calculations is equal to:

−

= −
− ∑

n
2

F 1 F
* * *i 1

1
D (F m )

(n 1)
,                                                      (7)

where 1
*

F  is the wire cross-section per unit; F
*

m  is the expected value [10].

4. 3. Research materials and methods that allow determining the impact of the opti-
mum scale of wire cross-sections on the facility reconstruction regulations

It is known that the wire cross-section is a key element of the OL, is selected in the design 
and influences the PG capacity, which affects the regulations of facility reconstruction, which is 
due to the load rate and growth variations.

Given the load rate and growth variations over time, economically feasible values of optimi-
zation parameters хj, уj are determined using the criteria-based method:

=j0 a ix x(R ,A );                                                               (8)

=j0 a iy e(R ,A ) ,                                                               (9)

where Аі is the generalized constant bearing some initial information; Ra is the criterion that de-
pends on the initial information.

The examination of the dynamic process in the PG, related to the variations of the optimum 
parameters over time is of interest.

The initial information involved in (8) and (9) in the form of the generalized constants Аі 
varies with time. And the initial information is represented taking into account the load rate and 
growth variations, the expressions (8) and (9) will have the form:

∆
−+ ∆

=
= π  ∏

ij
n 1

j0 i i ai 1
x (t) A (t) / (R ) ;                                               (10)

∆−+ ∆
=

= π  ∏
i

n 1

0, i i ai 1
y(x t) A (t) / (R ) ,                                               (11)

where Аі is the generalized constant bearing some initial information, which varies over time t;  
Ra is the criterion that depends on the initial information; πi is the similarity criterion.

Selection of the generalized constants, which depend in turn on time t does not involve the 
introduction of a new optimization parameter and the original objective function, since the task 
is to determine the sensitivity of the optimization parameters to reflect the load rate and growth 
variations over time.

To analyze the sensitivity of the values of the optimization parameters of the function x to 
the variation of Aі data over time, it is possible to express their relative values through the relative 
values of coefficients Aі:

∆
−

∆+

=

 = π  
∏j0

ij

n 1

i i ai 1
* **

x (t) A (t) / (R ) ,                                               (12)

∆−
∆+

=

 = π  
∏

i

n 1

0 i i ai 1
* * * *,

y(x t) A (t) / (R ) ,                                               (13)
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where 
δ

= i
i

* i

A (t)
A (t)

A (t)
 are the relative values of coefficients Aі taking into account variations over time;  

 
δπ = π πi a i a i a

*
(R ) (R ) / (R )  are the similarity criteria, depending on the initial information.

These expressions allow tracking variations in appropriate parameter values taking into account 
the load rate and growth variations over time.

The coefficients А1 А2 depend on the variations over time as follows:

= =
' '
1 2

1 1

A A
А , А

P P
,                                                           (14)

where Р is the function of variations in the load density, which varies according to the law:

= + t
0P P (1 q) ,                                                              (15)

where q is the electric load variation; P0 is the initial load density.
Given the introduced generalized constant (14), the discount costs (5) and the wire cross-sec-

tion (6) have the form:

                                                     
π π

∗ ∗∗ ∗
= 1 22

1 2З (А ) (А P ) ,

∗ ∗

∗
∗

 ⋅
 =
  

0,82

2

1

A P
F

A
                                                              (16)

or 

∗ ∗
= 0,4З P , 

∗ ∗
= 1,6F P ,                                                           (17)

where π1=0,4; π2=1,6 are the similarity criteria, determined from systematic procedures of the 
criteria-based method [3, 4, 6].

Using the law of the load density variation (15) over the time t and the expressions (16) and 
(17) in a relative form, we write

∗ ∗
+ =t 0,625Р(1 q) F ,                                                            (18)

where q is the average value of the load growth.
The obtained expression shows the variation of the relative value of the wire cross-section 

at a given nature of the load.
To analyze the variation in the relative value of the wire cross-section, the value of the wire 

cross-section per year of construction and commissioning of the OL (t1) is taken as the reference 
cross-section Fб (F1), and the wire cross-section F2 for the reconstruction period of the OL (t2) is taken 
as the following cross-section. The ratio of these cross-sections is nothing else than the scale growth  

factor of the parameters series of wire cross-sections К=
∗

=2

б

F
F

F
.

Then:

∗ ∗
+ =1t 0,625Р(1 q) F ;                                                            (19)

∗ ∗
+ =2t 0,625Р(1 q) F .                                                           (20)

According to the similarity theory, the ratio of the load density variations in relative form (19) 
and (20) to determine the reconstruction regulations is a relatively similar value and has the form:

2
2

1 1

ln Ft
t ln F

∗

∗

= = Idem.                                                       (21)
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The reconstruction time, which is due to the OL capacity and specified load rate q, is:

∗=
+0

lnF
t 0,625

ln(1 q)
.                                                         (22)

In this expression, the time t0 defines the range from the start of operation until the first re-
construction, which is due to a change in the OL capacity, depending on the wire cross-section (F) 
and specified load variation rate (q) [14].

5. The results of the analysis of the parameters series of wire cross-sections for the overhead 
line design

The methodological framework outlined in 4. 2. is tested on the example of 10 kV OL in 
accordance with their length.

The analysis by the criteria-based method showed that, depending on the error of the initial 
data (δ from ±5 % to ±10 %), the scale growth factor of the parameters series of wire cross-sections 
of OL (K=

*
F ) can be obtained in the first approximation setting one or another value.

The results of justification of the scale growth factor of the parameters series of wire 
cross-sections of OL are presented in Table 3.

Studies have shown that in justifying the scale growth factor of the parameters series of wire 
cross-sections of OL, the error of performance characteristics plays a significant role and К=

*
F ≈2 is 

the most appropriate ratio, which will allow developing the optimum scale of wire cross-sections.
To evaluate the statistical characteristics of the distribution of the relative value of wire 

cross-sections of 10 kV OL, the statistical series of the distribution of the random variable of the 
wire cross-section are built, provided that the parameters vary in the following ranges: 10 kV − 
Р=(0.46÷1.54); μ=(0.72÷1.28); к=(0.5÷1.5); cosφ=(0.99÷1.01).

To determine the range of falling of the relative wire cross-section of 10 kV OL, the assump-
tion is made that the law of variation of the cross-section distribution density is close enough to the 
log-normal law at the ends of the confidence ranges. The range is estimated with a sufficiently high 
probability of P=0.95 with the error δ from ±5 % to ±10 %. The results of determining the range of 
falling of the relative wire cross-section of OL are presented in Table 4.

Table 3
The results of justification of the scale growth factor of the parameters series of wire cross-sections 
of 10 kV OL 

δ, % *
F

5 1,34
6 1,58
7 0,17
8 1,83
9 2,09
10 2,23

Table 4
The results of determining the range of falling of the relative wire cross-section of 10 kV OL

δ, % li

5 0,73÷1,27
6 0,67÷1,33
7 0,60÷1,4
8 0,55÷1,45
9 0,48÷1,52
10 0,41÷1,58
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The hypothesis H0 is tested using the Pearson’s chi-squared test (2). The results of hypothe-
sis testing are presented in Table 5.

The results of determining the variance estimate (7) depending on the error of performance 
characteristics are presented in Table 6.

Using the Pearson’s chi-squared test (Table 5) and the variance estimate (Table 6), it is re-
vealed that the introduced hypothesis H0 does not contradict the actual data (p. 4. 1).

In further studies, using the methodological framework, outlined in 4. 3 and the resulting 
scale growth factor of the parameters series of wire cross-sections of 10 kV OL (Table 3) at a given 
nature of the load, the effect of the optimum scale of the wire cross-sections on the facility recon-
struction regulations is determined.

The calculations, whose results are presented in Table 7 are carried out with the error 
δ from ±5 % to ±10 %.

Table 5
The results of hypothesis testing by the Pearson’s chi-squared test for 10 kV OL

δ, % χ2 Р(χ2)
5 9,6 0,537
6 9,7 0,564
7 10,1 0,463
8 10,2 0,472
9 10,3 0,481
10 9,5 0,525

Table 6
The results of determining the variance estimate depending on the error of performance 
characteristics for 10 kV OL

δ, % D
5 0,0216
6 0,0315
7 0,0434
8 0,0576
9 0,0743
10 0,0935

Table 7
Reconstruction regulations of 10 kV OL depending on the scale growth factor of wire cross-sections

δ, % 2
*

F t

5 1,58 1,36
6 1,7 1,58
7 1,83 1,8
8 1,96 2,0
9 2,09 2,2
10 2,23 2,4
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From the analysis of the calculation results (Table 7), it follows that the reconstruction reg-
ulations are increased by 2 times.

Thus, the use of the optimum scale of wire cross-sections in the design affects the regula-
tions of reconstruction, which is due to the load rate and growth variations in the PG.

6. Discussion of the research results that allow designing the overhead lines taking into 
account their development prospects

Analysis of the existing parameter, which characterizes and determines the optimization op-
tion of the technical and economic model for the OL design revealed the unreasonableness of using 
the economic current density as the basic optimization parameter of the technical and economic mod-
el of the OL. For this, the hypothesis that the current density distribution is lognormal is introduced 
and the range of current density values is determined. This range is quite large (0.1÷1.2) A/mm2, so the 
resulting value can not be assumed as the range of economic stability, since almost any value of the 
current density in this range will be economically viable, which is obviously incorrect and confirms 
the need to take into account the discrete nature of the scale of wire cross-sections in the optimi-
zation of the technical and economic models of OL for the OL design taking into account their 
development prospects.

The wire cross-section as the basic optimization parameter of the technical and economic 
model of the OL is proposed. Analysis of the technical and economic model of the OL is brought to 
a reduction of the special-purpose task (wire cross-section optimization) and the scale growth factor 
of wire cross-sections is obtained using the criteria-based method, which allowed avoiding the initial 
information uncertainty. Taking into account the error of performance characteristics, К=

*
F ≈2 is the 

most appropriate ratio. This ratio provides the optimum scale of wire cross-sections of the OL.
To find the relationship of the relative variation of the initial information on the scale growth 

factor of wire cross-sections of OL, estimation of the statistical characteristics of the distribution 
of the relative value of wire cross-sections of OL is carried out. The introduced hypothesis of a 
log-normal distribution law is tested using the Pearson’s chi-squared test, which confirmed that the 
introduced hypothesis does not contradict the actual data.

Using the theory of similarity and the resulting ratio at a given nature of the load, it is de-
termined that using the optimum scale of wire cross-sections of OL increases the period until the 
required reconstruction, which is due to the load rate and growth variation in the PG by 2 times.

The materials presented in the paper were discussed at the International scientific and prac-
tical conference “The problems of energy supply and energy saving in the agricultural sector of 
Ukraine” (Kharkiv, 2015) [15].

7. Conclusions
In the analysis of the parameters series of wire cross-sections for the overhead power line 

design taking into account their development prospects the author solved the following tasks:
– existing parameter that characterizes and determines the optimization option of the tech-

nical and economic model for the overhead line design, which allowed showing the unreasonable-
ness of using the economic current density as the basic optimization parameter of the technical and 
economic model of overhead lines is investigated;

– the wire cross-section as the basic optimization parameter of the technical and economic 
model of overhead lines is proposed, and the scale growth factor of the parameters series of wire 
cross-sections is obtained by the criteria-based method, which allowed developing the optimum 
scale of wire cross-sections;

– estimation of the statistical characteristics of the distribution of the relative value of wire 
cross-sections is carried out and the introduced hypothesis of a log-normal law of the current den-
sity distribution is tested using the Pearson’s chi-squared test for finding the relationship of the 
relative variation of the initial information on the scale growth factor of wire cross-sections;

– the effect of the optimum scale of wire cross-sections on the regulations of reconstruction, 
which is due to the load rate and growth variations in the power grid is determined.
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