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Abstract
The presented work is devoted to solving the actual problem of increasing the efficiency of rapid sand filters with granular 

filling, which operate at a constant filtration rate when cleaning suspensions with a relatively high concentration of contaminants. 
The proposed mathematical model for clarifying the suspension by filtration consists of three interconnected blocks: clarified, 
filtration, and hydraulic. Convenient dimensionless mathematical dependencies are obtained for calculating the concentrations 
of contaminants and sediment from the height of the filter and suspension in the filtrate; head loss in the filter loading; the effec-
tive time of the filter (the duration of the filter cycle). The design of the experimental setup and the methodology for conducting 
experimental studies and mathematical processing of the results are valid. The results of experimental studies of the suspension 
filtering process through the granular loading are presented, and the obtained data is analyzed. Measurement of pressure losses in 
the filter loading is performed when a suspension is passed with a relatively high concentration of contaminants at various filtra-
tion rates. The nature of the change in the filtration rate with time and height (length) loading at various filtration rates and initial 
contamination concentrations is determined. Measured variable concentration of suspended matter in filtered water and retained 
contamination over time. As a result of the experiments, it is confirmed that an increase in the concentration of retained contam-
inants S leads to an increase in the parameter Δn/n. Upon reaching a certain value of the concentration of the retained sediment 
S (in our case S=30 g/dm3), an increase in the relative specific volume of the sediment greater than Δn/n0=0.65 is not observed. It 
is established that an important characteristic of the retained sediment is the ratio of the volume concentration of the sediment to 
the volume concentration of solid particles in this sediment γ=Csd/Сs. The values of the adhesion and detachment of particles of 
contaminant in the particles of the material loading 4,9;α =  0,009.β =  The results of experimental studies in general confirm 
the correctness and reliability of the obtained analytical dependencies.

Keywords: hydraulic conductivity, filter bed porosity, filtration rate, contaminant concentration, contaminant adhesion fac-
tor, contaminant detachment factor.
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1. Introduction
Water preparation for the needs of industrial enterprises is carried out according to various 

technological schemes in order to bring its physico-chemical parameters in line with the require-
ments of consumers. One of the main components of these schemes is rapid sand filters with gran-
ular bed. They play a leading role in the process of water treatment from suspended and colloidal 
substances. They are intended for partial or almost complete clarification of water depending on 
the requirements for the treated water and, as a rule, are established at the final stages of treatment 
[1–3]. The effectiveness of the treatment facilities significantly affects both the quality and cost of 
the treated water.

The aim of research is conducting experimental studies of the operating parameters of rapid 
sand filters with granular bed, which are used in industrial wastewater treatment schemes. Imple-
mentation of the theoretical analysis of the clarification of aqueous suspensions with a high content 
of suspended substances using accurate and approximate calculation formulas and equations.

To achieve this goal it is necessary to solve the following tasks:
– to design and manufacture an experimental setup for studying the filtration characteristics 

of the filter bed;
– to conduct experimental studies of the filtration process of the studied process water and 

to determine the optimal modes of operation of treatment plants.
The objective of these studies is attempt to systematize the experimental data and proposi-

tion of the most advanced mathematical model, which describes the process of removing contami-
nants by granular bed of rapid sand filters.

A large number of papers have been devoted to the study of rapid sand filters, for ex-
ample [4–8].

Historically, the first fundamental work on this issue can be identified theoretical and exper-
imental studies [5]. Based on the analysis of a large amount of experimental material for describing 
the process of removing contaminants by granular filter bed, a system of differential equations is 
proposed.

– Substance balance equation:

                                                         
S C

V ,
t x

∂ ∂
= −

∂ ∂
			   (1)

where S – the mass of sediment accumulated at a given time in a unit bed volume, g/m3; t – duration 
of the filtration process, h; V – filtration rate, m/h; С – mass concentration of suspended substance 
in water, g/m3; х – vertical coordinate, m

– Equation of linear kinetics of mass transfer:

                                                     
С

C S,
х V

∂ β
− = α −

∂
�  	 (2)

where α�  – reduced rate of adhesion of suspended particles to the surface of the filter bed 
grains, m-1; β – coefficient of detachment rate of previously adhering suspended particles, s–1 [9, 10]. 
These rates depend on the rate of filtration, the physico-chemical properties of the filtration mate-
rial, and the particles of impurities contained in the source water.

The effect of water clarification with each elementary layer of filter bed should be consid-
ered as the total result of two opposite processes: the process of extracting particles from water and 
their attachment to the bed grains and the process of detaching previously adhered particles and 
returning them to water.

Numerical methods are used, for example, in [11–13]. Analytical methods for solving a 
system of initial equations describing the features of the operation of rapid sand filters are consid-
ered in [14, 15]. On the basis of the obtained solutions, the author proposes quite reasonable and 
easy-to-use calculated dependencies for determining the main technological characteristics of the 
structures under consideration.
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2. Materials and methods for the study of parameters of rapid sand filters
2. 1. Experimental device
To carry out experimental studies of the operating parameters of rapid sand filters, a labora-

tory experimental setup has been designed and installed, the scheme of which is shown in Fig. 1.

Fig. 1. Scheme of the experimental setup: 1 – water supply from the water supply network;  
2 – suspension tank; 3 – mechanical stirrer; 4 – discharge into the sewer; 5 – pipeline for 

supplying suspension to the pump; 6 – pump; 7 – pressure pipeline of supply suspension to  
the feed tank; 8 – feed tank; 9 – overflow pipeline; 10 – pipeline for supplying the suspension to 

the filter; 11 – distribution device; 12 – filter column; 13 – overflow pipeline; 14 – filter bed;  
15 –suspension sampling valves; 16 – place for bed sampling; 17 – piezometers shield;  

18 – drainage cap 19 – pipeline for removal of clarified water; 20 – water supply pipeline for 
backwashing

2. 2. Methods of conducting experimental studies
The filtration column was made of PVC pipe Ø150 mm, 2 m high. The top remained open, 

the bottom was sealed. The height of the sand bed (14) was 1.0 m. On the pipe equipped 7 holes  
(1, 2, 3 – at a distance of 0.1 m, 4, 5, 6, 7 – through 0.2 m), in which water extraction, cleaned (15), 
and sand samples (16) after the filtration process. In the same sections, special piezometric tubes 
(17) were connected to obtain pressure readings in the corresponding sections of the filtration bed. 
Also volumetric method was measured water flow.

When conducting experimental studies, the filtration rate varied within V=3÷12 m/h; A 
spondyl clay was used as contamination, the initial mass concentration of contamination was 
С0=100 ÷ 200 mg/dm3.

Samples of filtered water and sand were taken every hour. At the same time, the dynamics 
of changes in their indicators over time was recorded. The volume of water and sand samples taken 
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during the experiment was less, respectively, 5 % and 1 % of the volume of the suspension and filter 
media. This circumstance, in accordance with the recommendations of [16], did not significantly 
affect the parameters of the model flow.

The completion of the experimental filter setup in a particular experiment, and therefore 
the duration of the filter cycle occurred when a certain specific concentration of contaminants was 
reached at the outlet of the filter column.

2. 3. Characterization of the filtration material and impurities
2. 3. 1. Sand bulk density
The bulk density of the sand in the standard unconsolidated state was determined by weigh-

ing the sample of material dried to constant weight and calculated by the formula:

                                       g/cm3,	 (3) 

where m – the mass of the measuring vessel; m1 – the mass of the measuring vessel with sand; V – 
the volume of the measuring vessel, cm3.

2. 3. 2. True sand density
The true density of solid materials was determined using the Le Chatelier device and calcu-

lated by the formula:

                                          g/cm3, 		  (4)

where m1 – the mass of the flask after the sand pouring, g; m2 – the mass of the flask before the 
sample pouring, g; V – the volume of sand is equal to the volume of the eject fluid, cm3.

2. 3. 3. Porosity of filter bed
Porosity was calculated by the formula:

                         	  (5)

2. 3. 4. Equivalent diameter of sand particles
In determining the equivalent diameter of sand particles, the Le Chatelier device was also 

used. The equivalent particle diameter was Deq=0.0015 m. The average value of the sand particle 
shape factor was kf=1.19.

2. 3. 5. The average particle diameter of spondyl clay
For this, the test clay was ground to a powder. Determination of the average particle size was 

carried out using the instrument PSC-2. According to the results of the measurements, it was found 
that the average diameter of clay particles is dav=0.0000077 m=7.7 μm.

3. The results of experimental and theoretical studies of rapid sand filters
3. 1. Head loss
Before conducting basic research on an assembled experimental model, a separate series 

of measurements of the hydraulic and filtration characteristics of the filtration material of the un-
powered filter bed with the passage of pure water is previously performed. The filtration rate of the 
clean sand was k0=49 m/h.

The next series of experimental studies is devoted to determining the change in head loss in 
the filter over time with the passage of various water flow rates (filtration rates) and different initial 
concentrations of contaminants. Some typical measurement results are shown in Fig. 2.

1
b
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− −

ρ = = =
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Fig. 2. Change of head loss in the filter at С0=200 mg/l and filtration rate:  
1 – V=3.0 m/h; 2 – V=6.0 m/h; 3 – V=9.0 m/h; 4 – V=12.0 m/h

From the graphs in Fig. 2 it follows that increasing the filtration rate leads to a significant 
increase in head loss. Their increase with time is also obvious. In addition, it is found that during 
the entire filtration time, the main head losses occur in the initial layers of the filter bed. In the fol-
lowing, through the thickness of the bed sections, the head loss decreases sharply. Fig. 3 shows at 
what height (depth) of the filter some kind of head loss arises.

Fig. 3. Determination of head loss at different heights of the filter:  
1 – 100 % Δh; 2 – 90 % Δh; 3 – 80 % Δh; 4 – 70 % Δh; 5 – 50 % Δh

From Fig. 3 it follows that 100 % of head loss is achieved at the entire depth (height) of the 
filter (L=1 m), 80 % of head loss will be at a depth of l=0.25 m, 50 % – at a depth of l=0.07 m.

An important generalized parameter that comprehensively takes into account the 
characteristics of the hydraulic and filtration characteristics of the filter bed can be the hy-
draulic conductivity k. It is obvious that the retention of a granular bed of particles of con-
taminant leads to a change in its properties and characteristics, including pressure loss and  
filtration rate.

When conducting these studies, the nature of the change in the hydraulic conductivity 
with time in bed height (length) was determined at different filtration rates. As an example, 
Fig. 4 shows the results of experiments to determine the relative the hydraulic conductivity  
( 0k k / k= ) with height for the case of the initial concentration of contaminants С0=200 mg/l 
and the filtration rate V=6.0 m/h. Here, the dotted line shows the character of the change of 
hydraulic conductivity with the time for the whole filter.

From the graph in Fig. 4 it follows that the most intensive decrease in the hydraulic conduc-
tivity in the bed height occurs in the first section following the movement of the fluid. The further 
the target is located from the initial one, the weaker is the intensity of the decrease in the hydraulic 
conductivity. In all cross sections, the most intensive decrease in the corresponding relative hy-
draulic conductivity also takes place in the initial periods of the filter operation. Over time, this 
intensity decreases and in the last lower layer of the bed has the lowest value.
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Fig. 4. The change in the relative hydraulic conductivity of different bed layers over  
a period of time: 1 – between holes 1–2; 2 – between holes 2–3;  

3 – between holes 3–4; 4 – between holes 6–7

3. 2. Clarifying effect at different filtration rates and filter operation time
The next important step in conducting the presented studies is measuring the nature of the 

change in the concentration of contaminants over time in different sections along the height of 
the filter, as well as at its end. In this case, the experiments are carried out at different filtration 
rates. Separate, characteristic results of experiments with an initial concentration of contaminant  
С0=200 mg/l are shown in Fig. 5.

Fig. 5. The change in the relative concentration of contaminant ( 0C С / С= ) along the height of the 
filter (z =z/L) at a filtration rate of V=6.0 m/h during operation: 1 – t=3 h; 2 – t=15 h; 3 – t=30 h

The data in Fig. 5 show that the maximum degree of clarification takes place at a bed depth 
of up to 0.3 m. For a certain time, the degree of clarification at the initial sections of the filter de-
creases and the layers in the bed depth begin to work more intensively. In addition, it should be 
noted that an increase in the filtration rate with all other equal characteristics leads to a decrease in 
the degree of removal of contaminants along the height of the filter. And, at the same time, to a more 
rapid clogging of this bed by contamination, which leads to a decrease in the effective operation of 
the structure, that is, a decrease in the filter cycle time.

In the presented graphs, the dashed horizontal line is limited by the minimum relative con-
centration of contamination ( еC ∗=0,05), which must be ensured when cleaning this unit. According 
to the graphs, at a filtration rate of V=6.0 m/h, the filter will provide the necessary degree of treat-
ment of 95 % during 9 hours.

A graph illustrating the dependence of the change in the intensity of the removal of contam-
inants during a certain operating time and depth of filter bed is shown in Fig. 6.

Graphical dependencies shown in Fig. 6 also indicate that the greatest intensity of the removal 
of contaminants from a liquid takes place in the upper layers of the filter during the initial filtration 
periods. Over time, the removal rate in the upper layers comes, and in the lower layers it grows.
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Fig. 6. The change in the intensity of the removal of contaminants (С/z) with time at a filtration 
rate of V=6.0 m/h; 1 – t=3 h; 2 – t=15 h; 3 – t=30 h

Useful for evaluating the effectiveness of the process of water clarification on the filter are 
also obtained by us and are shown in Fig. 7 graphs showing the change in the relative concentration 
of contaminants in the final section of the treatment structure ( ее 0C С / С= ) over time during the 
cleaning of the suspension with the initial concentration of the suspension С0=200 mg/l depending 
on the filtration rate V. This graph also shows the dotted line the limit of permissible clarification 
(95 %) on the filter structure.

Fig. 7. The change in the relative concentration of impurities in the final section of the filter with 
time at the filtration rate: 1 – V=3.0 m/h; 2 – V=6.0 m/h; 3 – V=9.0 m/h; 4 – V=12.0 m/h

In the process of conducting experiments, a series of studies is carried out to determine the 
concentration of contaminants retained by filter bed. As an example, Fig. 8 shows the results of 
measurements of the concentration of retained contaminants (S) at the bed height for the case of 
filtration a suspension with an initial concentration of contaminants С0=200 mg/l at a filtration rate 
of V=6.0 m/h. It also implies that the sediment is retained in the upper layers of the filter during the 
entire time of its operation. The distribution of the mass of contaminants according to the height of 
the bed layer depends on the type of granular filter bed, the type of contaminants that are removed 
during clarification, the operation time of the structure and filtration conditions.

In this case, with a total bed thickness of 1 m in the first layer 0.2 m thick, more than 50 % 
of the total mass of contaminants is retained. Fig. 9 shows the mass distribution of retained con-
taminants after 20 hours of operation of the filter. According to this graph, it follows that the bulk 
of the contaminant (up to 95 %) is retai ned between holes No. 1–4, at a filter bed thickness of 0.4 
m. Similar results are obtained by the authors in [17].

The change in the intensity of accumulation of retained contaminants by the depth of the 
filter bed with time is shown in Fig. 10. The nature of its change is fully consistent with the inten-
sity of removing contaminants from a liquid (Fig. 6). It reaches the highest values in the initial bed 
layers in the direction of fluid flow.
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Fig. 8. The change in the relative concentration of retained contaminants 0 0S S n C=  over  
the filter thickness over time: 1 – t=3 h; 2 – t=15 h; 3 – t=30 h

Fig. 9. Mass distribution of contaminants at the filter height after 20 hours of its operation

Fig. 10. The change in the intensity of accumulation of contaminant by the filter bed depth and in 
time: 1 – t=3 h; 2 – t=15 h; 3 – t=30 h

3. 3. Change in filter bed characteristics
In the process of filtration, particles of contamination are retained and they accumulate in 

the pores between the particles of the medium. This leads to a decrease in the volume of pores, that 
is, to a decrease in the porosity of the filter material. It is possible to write

                                                            Δn=n0–n, 				    (6)

where Δn – the change (decrease) in the porosity of the filter material during the filter operation time; 
n0 – the initial porosity of the clean filter bed; n – a variable with time porosity of clogged bed material.

The value of Δn can be interpreted as the volume of sediment accumulated (retained) in a 
bed volume unit (specific volume of sediment). The ratio 0n n / n∆ = ∆  is called the relative specific 
volume of sediment or the relative saturation of the pore space.
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The results of our studies have shown that an increase in the relative specific volume of 
sediment n∆  (a decrease in the free pore bed space Δn) due to the influence of trapped particles 
of contaminant causes a significant decrease in the relative filtration rate of the granular bed. This 
dependence is adequately described by the dependence obtained in experiments [4]

                                                         
3n 1 k.∆ = −  	 (7)

It is obvious that the value of the specific volume of sediment Δn and the relative specific 
volume of sediment n∆  depend on the value of the relative concentration of contaminants (S), 
retained by bed the filter. Dependence on can be represented as

                                           0 0n 0,7th(0,00124n C S).∆ =  		  (8)

The analysis of the experimental data also shows that an increase in the concentration of 
a sediment retained by filter bed leads to a corresponding decrease in the value of its relative 
filtration rate.

In the analysis and mathematical description of filtration processes that take place during 
water treatment, an important characteristic of the retained sediment is the ratio of the volume con-
centration of sediment to the volume concentration of solid particles in this sediment. 

                                                            S

s.p.

S
.

S
γ = 	 			   (9)

This indicator can be expressed in terms of the mass concentration of the retained sediment 
and the solid phase in it (density ratio). On the basis of the carried out experimental studies, an 
empirical dependence has been obtained for determining the index γ in the form

	                                                      67 n 57γ = − ∆ + .		  (10)

The accumulation of sediment in the pore space is accompanied by its compaction, and this 
in turn causes an increase in the concentration of the solid phase in it and, accordingly, an increase 
in the density of this retained sediment.

 3. 4. Value of adhesion (ɑ) and detachment (β) rates
To determine the rate of adhesion of contaminant particles in the filter bed (ɑ), let’s use 

the original equation (2), which describes the kinetics of contaminant removal during filtration 
in the form of

                                                    
C

V C S.
z

∂
− = α − β

∂
		  (11)

In the initial period of the filter operation, only the removal and accumulation of contami-
nant occurs, and the detachment of particles of contaminant is practically absent. That is, for this 
time, the second term in the right side of equation (11) can be neglected. Then it will look

                                                        
C

V C.
z

∂
= −α

∂
				    (12)

Solution (12) under the boundary conditions: z=0; С=С0 gives

                                                       
0

C
ln z,

C V
α

= −  	 (13)
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where С0 – the volume concentration of contaminants the initial section of the filter; С – variable 
volume concentration of contaminants in the cross section at the height of the filter z.

From the last dependency let’s find:

                                                        
0

V C
ln .

z C
α = − 		  (14)

To determine the detachment velocity rate β, let’s use the ratio

                                                       
2

1

t
02

t
01

S 1 e
,

S 1 e

−β

−β

−
=

−
	 (15)

where S01, S02 – the concentrations of contaminants retained in the initial cross section of the filter, 
during the operation, respectively, t1 and t2.

To find the specific values of the coefficients ɑ and β, let’s use the experimental data to 
determine the variable values of the relative concentration of contaminants in the filtered liquid 

0C С / С=  and the relative concentration of contaminants retained by filter bed 0 0S S n C ,=  ac-
cording to Fig. 5, 8. These calculations are presented in Fig. 11, 12.

Fig. 11. Determination of the relative coefficient 0L Vα = α
 

Fig. 12. Determination of the relative coefficient 0 0n L Vβ = β

Finally, let’s obtain: the value of the relative adhesion coefficient 4,9;α =  value of the rela-
tive detachment coefficient 0,009.β =

3. 5. Theoretical substantiation of the filtration process
The prediction of water clarification filters, the justification of its technological parameters can 

be reliably performed only using the methods of mathematical modeling. As shown by the results of 
our fundamental experimental studies of clarification and filtration processes on rapid sand filters, 
when filtration with a constant rate V, the change in the physicochemical environment in a homoge-
neous layer of well-fitration material (conditioned sand) is almost adequately described by a mathe-
matical model that consists of two related blocks (clarification and filtration) and reflects both sides 
of the interphase mass transfer-adhesion of particles under the action of hydrodynamic force. The 
clarification block in this case includes linear equations of mass transfer and mass exchange [5, 18]
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C S

V 0,
z t

∂ ∂
+ =

∂ ∂
				    (16)

                                                        
S

C S.
t

∂
= α − β

∂
				    (17)

System (16), (17) is supplemented by boundary and initial conditions.

                                           z 0,=  0C C ;=  t 0,=  S 0.=  	 (18)

Here С, S – the volumetric concentrations of suspended and sedimented particles of the 
suspension; α, β – constant rates of adhesion of suspended and detachment of sedimented particles 
when V=const; the initial concentration of impurities in the suspension is considered constant, and 
the filter bed is clean at the beginning.

During the experiments, the validity of the generalized Darcy law is established, and then 
the filtration unit includes a system of equations [19]

                                                       S

h
V k(S ) ,

z
∂

= −
∂

 	 (19)

                                                     S 0 Sk(S ) k f(S ),= ⋅ 	 (20)

                                                          SS (S)S,= γ 	  (21)

and boundary condition

                                                            z=L, h=Hd.	  (22)

Here k,  0k  – the current and initial filtration rates; SS  – volume concentration of sediment; 
h – piezometric head; γ(S) – the state function of the sediment, which characterizes the fractional 
contribution of suspension particles (formulas (9), (10)) [20], SS  is associated with Δn as follows: 
Δn=n0–SS; L – the height of the filter bed; Hd – constant pressure at the exit from it. According to 
the experimental studies (formula (7)) for the function Sf(S )  with regard to (22), the following

                                       
3 3

S
S

0 0

S (S) S
f(S ) 1 1 .

n n

   γ ⋅
= − = −     

	  (23)

To summarize the theoretical analysis, dimensionless variables and parameters are introduced:

0

C
C ,

C
=

 

0 0

S
S ,

n C
=

z
z ,

L
=

0

Vt
t ,

n L
=

d
0

h H
h k ,

VL

−
=
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L
,

V
α

α =

0n L
,

V
β

β =

0

k
k .

k
=

Then the mathematical model is simplified to the following form.

                                                       S

h
V k(S ) ;

z
∂

= −
∂

			   (24)

                                                     S 0 Sk(S ) k f(S );= ⋅ 			   (25)

                                             z 0,=  C 1;=  t 0,=  S 0;= 	 (26)

                                                        
h

k(S) 1;
z

∂
= −

∂
	 (27)

                                                    k(S) f(S (S));= ⋅ γ 	 (28)

                                                         z 1,=  h 0.= 	 (29)

The function f(S)  is specified taking into account (10) and the expression for SS

                                                    
S

0

57S
S (S) .

1 67C S
=

+
			 

(30)

So

                                                  
3

0

0

1 10C S
f(S) .

1 67C S

 +
=  + 

				   (31)
  

Further, only the filtration mode with V=const is considered using analytical methods. Then 
the strict solution of problem (24)–(29) is known and is expressed by dependencies [21]

                     
t

z t
0 0

0

C(z, t) e e I (2 zt ) e I (2 z )d ,−α −β −βζ 
= αβ + β αβ ζ ζ 

 
∫ 		 (32)

                                      
t

z
0

0

S(z, t) e e I (2 z )d ,−α −βζ= α αβ ζ ζ∫ 			   (33)

                                                 
1

0

dz
h(t) ,

f(S(z, t))
∆ = ∫  				   (34)

 

where I0 – means the Bessel function of an imaginary argument of the first kind of zero order,  
h∆  – the relative head loss in the filter bed.

Dependencies (32)–(34) serve as the basis for the theoretical substantiation of the effective 
filter operation time (the duration of the filter cycle) tf. It is a strict requirement regarding the quality 
of the filtrate, namely, the condition

еС (t) C(1, t) C ,∗= ≤
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where C ,∗  еC  – the maximum permissible and initial concentration of suspended substance in 
water. The time of the protective action of the filter bed tp, during which the content of contami-
nants at the exit of the bed does not exceed the standard value, should be found by selecting from 
the equation

                                                         е рС (t ) C .∗= 				     (35)
 
At the same time, when V=const, it is necessary to calculate the growth time ht  of the head 

loss in the filter bed up to the maximum permissible value h ,∗∆  that is,

                                                        hh(t ) h .∗∆ = ∆ 	 (36)

It is advisable to identify the main technological time ft  with the smallest one with рt , 
ht ,  so that

                                                      f p ht min(t , t ).= 	  (37)

A successful alternative to the accurate solution (32)–(34) is a highly accurate approximate 
solution [22], which, due to its simplicity, is convenient for a variety of analysis: predictive calcula-
tions, substantiation of design and technological parameters, and verification based on experimen-
tal data of model rates. So, for engineering calculations, the following approximate dependencies 
are recommended.

                                                  

2
2 t

еС (t) 2e e ,
α−

−α+β= − 					   
(38)

                                                 

2 z
2 t2 t

S(z, t) e ,
2 t

α−
+βα

=
+ β

			   (39)

and taking into account the obtained experimental data

                                         
31

0

0 0

1 67C S(z, t)
h(t) dt.

1 10C S(z, t)

 +
∆ =  + 

∫ 	  (40)

It should be noted that formula (40) is valid at f(S)  with (31) for both solutions presented 
above, but in the case of an approximate solution for h∆  it is in principle not difficult to derive a 
cumbersome analytical expression that will contain only elementary functions. If for γ to take the 
average value, then the corresponding formula for h(t)∆  is given in [22].

In order to test the results of experimental and theoretical studies, assess the accuracy of 
approximate formulas, as well as illustrate the capabilities of both solutions, the relative concen-
trations of suspended substance at the exit ( еС ), sediment (S) are calculated; head loss ( h∆ ) and, 
finally, technological times ( pt , ht ) [12, 14]. At the same time, own empirical information about the 
values ,α  ,β  (S),γ  k(S)  and dependencies (32)–(34), (39), (40), as well as the formula that follows 
from (38), which allows to calculate the time pt  directly, is used [14]

                                          p

2
t 1 .

ln2 ln(C e )−α
∗

 α
= − − +β  

 			   (41)

In the experiments, a large amount of suspended substance is found in the initial aqueous 
suspension, which, for example, is characteristic of industrial wastewater, with С0 varying within 
fairly wide limits (mass concentration from 100 to 200 mg/l). Since С0 is used in modeling as a 
scale for the desired concentrations, it is necessary to introduce a new scale fixing for this a smaller 
value from the specified range, that is, С00=100/ρc. Then the subject of the calculations is the current
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00

С
С ,

С
=

 0 00

S
S ,

n C
=

which also depended on 0 0 00С С / С ,=  and for the latter three characteristic values were chosen.
To assess the effect of the initial content of impurities in the suspension on the process, 

formula (41) and equations (40), designed to determine the relative technological times рt ,  ht ,  are 
reduced to the following form. In this connection, in connection with the variation of С0, a param-
eter * 00 0С С / С С С∗ ∗= =  is introduced that no longer depends on С0.

                                    p

0 0

2
t 1 .

ln(2C ) ln(C C e )−α
∗

 α
= − 

β  − + 
 			  (42)

   

Time ht  should now be calculated by fitting from the equation

                                       

3
1

00 0 h

3
0 00 0 h

1 67C C S(z, t )
h dz,

1 10C C S(z, t )
∗

 + ∆ =
 + 

∫ 			    (43)

where expressions (33), (39) were taken alternately for S(z, t).
Relying on the above presented rigorous and approximate solution with the help of personal 

research data, reviews of relative technological times рt ,  ht are specified, hypothetical changes 
of 0C  2 times and V  4 times. At the same time, the criteria parameters C∗  and h∗∆  are varied. 
Parameters of graphs of dependences of times рt ,  ht ,  on 0C ,  calculated by accurate (32), (34) and 
approximate (42), (43) formulas are shown in Fig. 13, 14.

Fig. 13. Dependency p 0t (C ): 1, 3, 6 – approximate calculation; 2, 4, 5 – accurate calculation;  
1, 2 – C 0.2;∗ =  3, 4 – C 0.1;∗ =  5, 6 – C 0.05∗ =

Fig. 14. Dependency h 0t (C ): 1, 3, 5 – accurate calculation; 2, 4, 6 – approximate calculation; 
1, 2 – 6h ;∗∆ =  3, 4 – 5h ;∗∆ = 5, 6 – 4h∗∆ =
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The difference between the corresponding pairs of curves (reference and approximate) 
turned out to be so small that they merge in the figures, with the exception of the initial sections 
of curves 1 and 2. The greatest errors in the calculations рt ,  ht  occur at the limiting value 0C 1=  
and in the case C 0,2∗ =  reach 5.5 %, and in the case h 6∗∆ =  – only 1.3 %. With an increase in 
the initial content of impurities, the errors are noted, and with it both technological times are sig-
nificantly reduced. So, with an increase of 0C  2 times in the same way pt  decreases. Time рt  is 
more sensitive to change 0C .  The term of the filter cycle under the conditions under consideration 
with a small C∗  limit is limited by the protective property of the filter bed. However, at h 4∗∆ =  
and especially at large values 0C ,  the effective filter operation time is limited due to an excessive 
increase in the hydraulic resistance of the filter bed.

Due to the emphasis V  in, for example, dependencies with respect to рt  (32), (41), let’s 
derive a strict equation and an approximate formula

                          
p

p

t
t p V

0 0
0

t
e I 2 e I 2 d e C ,

V V

α
−α −βζ

∗

   αβ αβζ   + β ζ =
     

∫ 		  (44)

                                      

p
V

2
t 1 ,

V ln2 lnC e
α−

∗

 
 α

= − 
  β − +    

			   (45)
 

where 
0

p,h
0

V t
t ,

n L
=

 

0

L
,

V
α

α =
 

0

0

n L
.

V
β

β =

The results of the calculations рt , ht , with the same values C ,∗  h∗∆  are shown in Fig. 15, 16 
in the form of six accurate and approximate curves, of which curves 3 and 4, 5 and 6 merge, and 
between curves 1 and 2 in Fig. 15 there are minimal differences (up to 5 % at V 1= ).

Fig. 15. Dependency pt (V): 1, 3, 5 – accurate calculation; 2, 4, 6 – approximate calculation;  
1, 2 – C 0,2;∗ =  3, 4 – C 0,1;∗ =  5, 6 – C 0,05∗ =

Shown in Fig. 15, 16 graphical dependences confirm a significant influence of V  on the 
quality of the filtrate especially with strict requirements to it. So when C 0,05∗ =  it turns out that 
the filter is generally not able to provide the necessary clarification level if V 1,75.>
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Fig. 16. Dependency ht (V): 1, 3, 5 – accurate calculation; 2, 4, 6 – approximate calculation; 1, 
2 – 6h ;∗∆ =  3, 4 – 5h ;∗∆ =  5, 6 – 4h∗∆ =

5. Discussion of the research results of rapid sand filters
The analysis of the operating conditions of rapid sand filters in this work allows to rec-

ommend a mathematical model for describing the main technological characteristics of these 
structures: it consists of three blocks: clarification, including mass transfer equations and linear 
kinetics of mass transfer; filtration – the equation of water movement in a porous filter bed; 
hydraulic, which includes equations of head loss in communications. Initial and boundary con-
ditions are defined.

On the basis of the obtained research data using special methods for their processing, rates 
and parameters have been determined that significantly affect the efficiency of filtration struc-
tures, in particular, the adhesion coefficient α and the detachment coefficient β of suspended par-
ticles from particles of the granular bed. It is established that the data are constant at a constant 
filtration rate and depend on the physicochemical properties of the sediment, the characteristics 
of the filter material to be removed and should be determined on the basis of additional experi-
mental studies.

It is confirmed that the main parameters that affect the performance of these structures 
are the quality and properties of the filter material, the height of the filter bed and the time of the 
filter cycle.

According to the data of experimental studies, the hydraulic resistance of the filter bed is 
determined when passing a liquid with different concentrations of contaminants. The regularities 
of changes in the filtration rate of a granular bed with time depending on the filtration rate, the 
depth of bed and the value of the specific volume of sediment for various conditions and modes of 
operation of the filter construction are revealed.

The intensity of the removal of contaminants and the degree of their accumulation over 
time along the height of the filter bed are investigated. It is noted that the maximum rate of these 
processes takes place in the upper layers of the filter.

6. Conclusions
Based on the results of the presented work, the following main conclusions can be made:
1. The analysis of literary sources in which the laws of the process of water clarification on 

rapid sand filters, head losses in the granular bed, their mathematical modeling, the calculation of 
the filter cycle and the thickness of the filter bed.

2. Based on the physical model, a general mathematical model of suspension clarification 
by filtration is substantiated and constructed, which makes it possible to evaluate the influence of 
various factors and output characteristics on the treatment process.

3. Experimental studies of the main parameters affecting the operation of the rapid sand fil-
ter with a variable filtration rate of time are carried out, and the patterns of changes in the treatment 
effect, head loss, porosity of granular material and filtration rate are determined.
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4. It is established that an increase in the concentration of a sediment S retained in the filter 
bed leads to a decrease in its porosity n. It is determined that an increase in the relative specific 
volume of sediment greater than Δn/n0=0,65 practically does not cause further clarification of the 
suspension.

5. It is shown that the ratio of the volume concentration of sediment to the volume concen-
tration of solid particles in this sediment γ is an important characteristic of the retained sediment. 
An experimental dependence of this indicator on the value of the relative specific volume of 
sediment is obtained.

6. The values of the adhesion rate (α=4.9) and detachment rate (β=0.009) of contaminant 
particles from particles of the granular bed are determined.

7. The method of calculating the time of effective operation of the filter (filter cycle), 
during which the technologically specified cleaning effect is provided, is substantiated and 
proposed.
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