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Abstract
It is shown that when modeling the processes of forging and stamping, it is necessary to take into account not only the
hardening of the material, but also softening, which occurs during hot processing. Otherwise, the power parameters of the
deformation processes are precisely determined, which leads to the choice of more powerful equipment. Softening accounting
(processes of stress relaxation) will allow to accurately determine the stress and strain state (SSS) of the workpiece, as well
as the power parameters of the processes of deformation. This will expand the technological capabilities of these processes.
Existing commercial software systems for modeling hot plastic deformations based on the finite element method (FEM) do not
allow this. This is due to the absence in these software products of the communication model of the component deformation
rates and stresses, which would take into account stress relaxation. As a result, on the basis of the Maxwell visco-elastic model,
a relationship is established between deformation rates and stresses. The developed model allows to take into account the metal
softening during a pause after hot deformation. The resulting mathematical model is tested by experiment on different steels
at different temperatures of deformation. The process of steels softening is determined using plastometers. It is established
experimentally that the model developed by 89...93 % describes the rheology of the metal during hot deformation. The relationship between the components of the deformation rates and stresses is established, which allows to obtain a direct numerical
solution of plastic deformation problems without FED iterative procedures, taking into account the real properties of the metal
during deformation. As a result, the number of iterations and calculations has significantly decreased.
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1. Introduction
In the FEM study of the hot stamping and forging operations, difficulties arise due to the
nonlinearity of the properties of the material during high-temperature deformation [1, 2]. The main
52
Mechanical Engineering

Reports on research
projects

(2019), «EUREKA: Physics and Engineering»
Number 2

idea of the existing methods for taking into account the nonlinearity of these properties is solving
the problem in an elastic formulation and use additional iterations (successive approximations) to
switch to the plastic properties of a deformable metal [3]. As a result, the total computation time
increases, which makes the FEM method less efficient compared to other numerical methods [4].
A more complete account of the mechanical characteristics of the deformable metal is one of the
most important reserves of intensification and increasing the efficiency of modeling forging and
stamping operations [5].
In the process of hot deformation, the metal is strengthened, at the same time dynamic
processes of return, polonium saturation and recrystallization occur, leading to relaxation of stresses (softening) in the material at forging and stamping temperatures [6]. Accounting for the phenomenon of thermal softening of metals and alloys allows to improve the technical and economic
indicators of the production of metal products produced by hot deformation [7]. Practice shows
that during hot deformation with pauses, it is possible to carry out operations with lower energy
consumption for deformation [8]. Therefore, the establishment of a valid metal rheology, which is
strengthened and rooted out during hot deformation to establish a stress-strain state is an important task in mechanical engineering [9]. The aim of the work is to develop a mathematical model
that would repeat the rheology of the material during the implementation of forging and stamping
operations, which will improve the accuracy of FEM and power parameters determination when
forging large-sized forgings.
To achieve the aim, the following objectives are set:
– establish an analytical model of stress relaxation in the alloy during hot deformation;
– check the installed model with the actual behavior of the metal during the implementation
of hot deformation.
2. Establishment of an analytical model of stress relaxation
When solving FEM problems, it is advisable to establish and set a real relationship between
deformation rates {ε } and stresses when varying temperature and rate regimes during hot deformation, when viscosity appears in the alloy [10]. This ratio is necessary for setting the plasticity
matrix [K] for the FE modeling and determination of stress components [11]

{σ} = [D] ⋅ {ε }. 				

(1)

The main difference between irreversible (viscous) deformations and plastic solids is that
the latter depend on the deformation rate, especially at elevated temperatures [12]. The alloy has a
viscosity when the deformation rate affects the stress σ=σ(έ). The viscosity of the metal is manifested in the fact that after deformation the internal stresses change with time. For the operations of
forging and stamping, when the material is rotated with hardening, the Maxwell relaxing model is
an exact model that takes into account the rheology.
The deformation degree, according to this model, consists of elastic ε e and viscous ε ν
components.
ε = ε e + ε ν . 				

(2)

Differentiating expression (2), let’s obtain:
dε
ν
= ε xx = ε exx + ε xx
;
dt

ε =
e
xx

dε

e

dt

=

(3)

( E) = (dσ dt) ;

d σ xx

xx

dt

E

ν
ε xx =

d ε ν σ xx
=
. 			
dt
ν

(4)

(5)
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So
d ε 1 dσ xx σ xx
=
+
, 				
dt E dt
ν

(6)

where ν – dynamic viscosity, MPa×s; E – Young modulus, MPa.
 dε

Accounting for the stresses σ(0) at the time t=0 and fixed deformation 
= 0 of equa dt

tion (6) takes the form
1 dσ xx σ xx
+
= 0,
E dt
ν
from where
σ = σ(0)exp  − t  ,
 T
where T – the pause time, s.
T = ν , 				
E

(7)

represents the time for which the initial stress decreases by a factor of e = 2,718.
Thus, it can be assumed that Maxwell’s environment takes into account the real behavior
of the metal during high-temperature plastic deformation (hardening, as well as softening). The
minimization provides a reduction in the resistance to deformation (in this case, by an exponential
dependence) with constant deformation [13].
After introducing the notation T (7), let’s rewrite Eq. (6)
dσ xx σ xx
dε
+
= E ⋅ . 				
dt
T
dt

(8)

Regarding σxx, expression (8) under the initial condition, when the time t=0 and σ xx = σ 0xx
has the form
σ xx = e (

−t

T

t
) ⋅ E ⋅ d ε ⋅ e ( t T) ⋅ dt + σ 0xx  .
∫



0

dt



If σ 0xx = 0 and the body also deforms at a constant rate, then the stresses change in time
according to the law

(

)

−t
σ xx = E ⋅ ε ⋅ 1 − e ( T) .

In real deformation processes, the rate is not constant [14]; therefore, to solve equation (8),
let’s define a function of the deformation degree. This function must be growing, as in the process of
deformation the deformation degree increases. As such a function, it is possible to choose a monotonically increasing exponential function, which corresponds to the actual deformation processes (Fig. 1)
_

ε=

At
−


T
⋅ ε xx  1 − e T  . 				
A



(9)

Deformation rate in this case
_

At
−
 − At   A 
dε T
ε =
= ⋅ ε xx  −e T  ⋅  −  = ε xx ⋅ e T .
dt A

  T

54
Mechanical Engineering

(10)

Reports on research
projects

(2019), «EUREKA: Physics and Engineering»
Number 2

Using the above functions (8) and (9), graphs of changes in the degree (ε) and velocity (έ) of
deformation in time are plotted (Fig. 1). The initial data for the calculations are: the pause time (T) is
2.0 s; deformation rate (έ) is 0.002 s-1; the deformation time (t) varies from 0 to 6 seconds. These output
parameters correspond to the actual deformation processes (stamping or one press during forging).
These exponential dependencies correspond to the forging and stamping operations. In particular, with an increase in the degree of deformation, a hardening of the material and an increase
in the size of the deformation zone occur, which leads to an increase in the deformation force [15].
As a result, the deformation rate exponentially decreases [16].

1
2

Fig. 1. Dependences of degree ε and deformation rate ε on time:
1 – deformation degree; 2 – deformation rate
_

dε
Substituting the deformation rate
(10) into the desired equation (8), let’s obtain the foldt
lowing differential equation
At
−
dσ xx σ xx
+
= E ⋅ ε xx ⋅ e T . 			
dt
T

(11)

The resulting equation is solved by the variation method of a constant; for this, the homogeneous differential equation is first considered
dσ X
dσ X σ X
σ
dt
dt
= − ∫ ; ln X = − ∫ ,
+
= 0;
T
σX
dt
T
C
T
so
dt

−
σX ( t ) = Ce ∫ T .

To solve the inhomogeneous equation (8), let’s apply the method of variation by a constant,
replacing C with an unknown function φ(t), then
σX ( t ) = φ ( t ) e − ∫ T .
dt

(12)

Differentiate (12) and obtain
dσX dφ − ∫ dt φ(t) − ∫ dt
=
⋅e T −
⋅ e T . 			
dt
dt
T

(13)

After substitution (13) into equation (8)
dφ − ∫ dt φ(t) − ∫ dt φ(t) − ∫ dt
dε
⋅e T −
⋅e T +
⋅e T = E⋅ .
dt
T
T
dt
So,
dt
dφ
dε
= E ⋅ ⋅ e∫ T .
dt
dt
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Integrating, let’s define
φ(t) = ∫ E ⋅

dε ∫ dt
⋅ e T dt + C1 . 			
dt

(14)

After substitution (14) in (12) let’s obtain
t
t
t
dt 
dε dt 
σX ( t ) = e − t∫0 T C1 + ∫ E ⋅e t∫0 T dt  ,
dt
t0



where t0 and t – the integration limits: t0 – the beginning of the pause, and t – the end of the pause.
Assuming that
_

ε=

At
T
⋅ ε XX (1 − e − T ) and σ 0xx = 0
A

let’s obtain
_

At
dε
= ε XX ⋅ e − T .
dt

If t0 = 0, then
t
t 
At
t

σX ( t ) = e − T C1 + ∫ Eε XX e − T ⋅ e Tdt  .
0



After appropriate transformations and using the initial condition σ 0xx = 0, let’s obtain
C = −E ⋅ ε xx ⋅

T
.
1− A

So,
t 
t
T
T

E ⋅ ε XX ⋅ e T (1− A)
σX ( t ) = e − T  −E ⋅ ε XX ⋅
+
1− A 1− A



or
σX ( t ) = E ⋅ ε XX ⋅

t
T  − tA
⋅ e T − e−T.

1 − A 

0
When А=1, one should reveal the uncertainty of the form   and come to a particular case
of the solution. Let’s consider separately the case when А→1  0 

(

)

tA

t

−
−
tA
t 
T

e T − e T 0
−
−
= =
σ XX = lim E ⋅ ε XX ⋅
e T − e T  = E ⋅ ε XX ⋅ T ⋅ lim
A →1 
A →1
1− A
1− A

0

= E ⋅ ε XX ⋅ T ⋅ lim

e

−

t
T

e
A →1

−

t
(A −1)
T

1− A

A →1

= E ⋅ ε XX ⋅ T ⋅ lim

(e

t
−
T

) = e

−1




−

t
(A −1)
T

t
(A − 1) at A → 1 =
T


 t

 − ( A − 1)
t t
t
T
= E ⋅ ε XX ⋅ T ⋅ e − T ⋅ = E ⋅ ε XX ⋅ t ⋅ e − T .
1− A
T
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Therefore, when А=1, let’s obtain
t

−
σ XX = E ⋅ ε XX ⋅ t ⋅ e T . 			

(15)

Taking into account the above, with А=1, it is possible to simplify the functions describing
the degree and rate of deformation (10) to the form:
−t

ε = T ⋅ ε xx ⋅ (1 − e T ),

dε
−t
= ε xx ⋅ e T .
dt

A mathematical procedure is carried out to solve the limit as А→1 does not change the appearance of the functions for describing degrees and deformation rates; they are similar to those
shown in Fig. 1. Analysis of the established model (15) allows to determine the results important
for materials science:
– the maximum stress affects the Young’s modulus at certain temperatures of deformation
and rate of deformation;
– the peak of the function (15) corresponds to the time equal to T=ν/E, that is, this is the
moment when the pause (metal unloading) comes, does not contradict the mechanics of the deformation process. This time T can be calculated with a certain degree and rate of deformation, it is
the initial data for solving the problem.
In addition, this model allows to determine the viscosity ν of a material from relation (7)
through the product T∙E or by fitting. According to the known deformation time, rate and degree
of deformation, let’s change the Young’s modulus to match the values of the function (15) with the
experiment. Thus, taking into account the viscous properties of the body is reduced to establishing
the exact value of the Young’s modulus, depending on the temperature level.
The solution to this problem is not difficult with a known material tensile diagram or in the
presence of a hardening curve for different temperatures. Also, to determine the Young’s modulus,
it is possible to use the reference literature. Young’s modulus with increasing temperature decreases exponentially.
The obtained model does not exclude the determination of the Young’s modulus by the
method of selection to the coincidence of the obtained dependence with the hardening-softening
curve. Reducing the level of stress in the material after deformation (during a pause), according to
the obtained model, occurs exponentially, does not contradict the actual behavior of the material
after the load is removed. It does not require the specification of additional factors.
3. Results of experimental studies of steel rheology during hot deformation
To test the developed model of steel rheology during hot deformation, it is necessary to conduct experimental studies and compare them with the analytical model. In this case, it is necessary
to establish the mechanical properties of the material that is deformed. The main factors affecting
the mechanical properties of the material under study: temperature, degree and rate of deformation.
Investigated steel: 40Х, 9ХФ, ХВГ, 10Х16Н8. The temperature of steel samples varied in the range
from 800 to 1200 °C with steps of 100 °C. The deformation degree varies from 0 to 0.4, the deformation rate in the range (2...6)×10 –3s–1, covers the deformation and high-speed mode of technological
processes of forging and stamping. Experimental planning is carried out using type 33 PFE plan. The
high-temperature mechanical properties of steels are studied jointly with Czestochowa University
of Technology (Poland) on the Gleeble 3800 unit for physical modeling of thermomechanical compression and tension tests. After conducting experimental studies and processing the results obtained
using the experiment planning theory, the coefficients of the regression equations are determined,
which determine the dependence of the deformation resistance on the degree, deformation rate and
temperature. After exclusion of non-significant coefficients:
σ s (ε, ξ, T) = 38 + 38 ⋅ X1 + 18 ⋅ X 2 − 46 ⋅ X 3 + 21⋅ X 22 + 29 ⋅ X 3 2 +
+39 ⋅ X12 ⋅ X 22 ⋅ X 3 2 − 26 ⋅ X12 ⋅ X 22 − 39 ⋅ X 22 ⋅ X 3 2 − 19 ⋅ X12 ⋅ X 3 2 ,

(16)
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where
X1 =

ξ − 6 × 10 −3
T − 1000
ε − 0,1
.
, X3 =
, X2 =
−3
200
4 × 10
0,1

For comparison and verification of the theoretical and experimental results, equations (15)
and (16) are used to construct the dependences of the deformation resistance during deformation
with a pause at hot pressure treatment temperatures (Fig. 2). The experimental data are shown by the
dashed line, and the theoretical ones by the solid line.
Graphically developed in the work dependence (15) is shown in Fig. 2 as a function, has areas
of hardening and relaxation of stresses (softening) when removing the load. Fig. 2 shows experimental data of flow curves (curves 1 and 3) for various steels at a deformation rate ε = 7 × 10 −3 s −1 and
heating temperatures of 900 °C and 1000 °C, function (15) is shown by curves 2 and 4.

a

b

c

d

Fig. 2. Comparison of experimental data for hardening – softening with dependent (15) for steel:
a – 40X; b – 9ХФ; c – ХВГ; d – 10X16H8; 1 – T=1000 °C (experiment);
2 – T=1000 °C (calculations); 3 – T=900 °C (experiment); 4 – T=900 °C (calculations)
Comparison of the obtained theoretical data with the results of experiments shows their
qualitative and quantitative correspondence. In the areas of hardening and relaxation, the difference is 7...11 %.
4. Discussion of the results obtained using the developed model of the visco-elastic behavior of
steel at pressure treatment temperatures
The analysis of the obtained results makes it possible to establish that a developed rheological
model describes the physical processes occurring in hot-deformed steels – material hardening and
stress relaxation. Based on the developed mathematical model, it is found that the maximum stress is
determined by the Young’s modulus for certain temperatures and material and deformation rate at the
acoustic time of deformation. The peak of the function corresponds to the time T=ν/E. The analytical
dependence asymptotically approaches the state when the stress is zero, and the experimental data
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asymptotically approach a certain stress, which is the yield strength of the material. This difference
is explained by the fact that during the experimental study, the specimen remained under load after
deformation, due to the research method and the design of the cam plastometer. As a result, the stress
can’t be reduced to zero, since the load seems to act after the deformation process stops, so that it
is possible to set a change in relaxation in the material after deformation is stopped. The difference
between the experimental and calculated stress values at the relaxation site is the value of the yield
strength of the material at a given temperature. Taking into account in the resulting model the effect
of the load on the sample with a value equal to the yield strength of the material (σT), let’s obtain
the coincidence of dependencies with a deviation of 7...11 %. Thus, the reason for the discrepancy
between the experimental data and the theoretical values of hardening and softening is established,
which gives reason to consider the developed model to be reliable, since it describes the rheology of
the metal during hot deformation by 89...93 %.
In contrast to the existing methods for taking into account the mechanical properties of a material when FEM modeling, an analytical model is developed, which allows not to carry out iterative
procedures. A feature of the developed model of the connection component of the deformation rate
and stress during hot deformation is that it takes into account the mechanism of stress relaxation in the
metal (alloy) after deformation. This opens up broad prospects for its use in FE modeling.
A limitation of this approach is the need to specify a Young’s modulus for a certain material
depending on temperature. This information is not enough in the literature today. Moreover, it is
advisable to check the resulting model on other metals and alloys.
5. Conclusions
1. Based on Maxwell’s viscoelastic rheological model, the relationship between the components of deformation rates and stresses is established. This makes it possible to obtain a direct
numerical solution of nonlinear problems of hot plastic deformation in the course of modeling by
the finite element method taking into account the real properties of the metal at high temperatures.
As a result of using the developed model of the material rheology during deformation in the hot
state in the calculation decreases by 4 times compared with the use of elastic and elastic-plastic
models of materials used in commercial software products based on FEM. This is due to the exception of carrying out additional iterative procedures to establish the real resistance of the material
for certain thermo-speed deformation conditions. The developed model takes into account not only
the processes of material hardening during deformation, but also softening (stress relaxation) in the
pause after deformation.
2. Resistance to hot deformation and stress relaxation after deformation of steels at different
temperatures, degrees and deformation rates is experimentally established. Stress relaxation after
hot deformation is explained by recrystallization processes. The obtained results are compared
with theoretical data established on the basis of the developed model of material rheology during
hot deformation. It is experimentally proved that the developed model is 89...93 % describing the
steel rheology during hot deformation.
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