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Abstract

The problem of supply management in the supplier-to-consumer logistics transport system has been formed and solved.
The novelty of the formulation of the problem consists in the integrated accounting of costs in the logistic system, which
takes into account at the same time the cost of transporting products from suppliers to consumers, as well as the costs for
each of the consumers to store the unsold product and losses due to possible shortages. The resulting optimization problem
is no longer a standard linear programming problem. In addition, the work assumes that the solution of the problem should
be sought taking into account the fact that the initial data of the problem are not deterministic. The analysis of traditional
methods of describing the uncertainty of the source data. It is concluded that, given the rapidly changing conditions for the
implementation of the delivery process in a distributed supplier-to-consumer system, it is advisable to move from a theoret-
ical probability representation of the source data to their description in terms of fuzzy mathematics. At the same time, in
particular, the fuzzy values of the demand for the delivered product for each consumer are determined by their membership
functions.

Distribution of supplies in the system is described by solving a mathematical programming problem with a nonlinear
objective function and a set of linear constraints of the transport type. In forming the criterion, a technology is used to transform
the membership functions of fuzzy parameters of the problem to its theoretical probabilistic counterparts — density distribution
of demand values. The task is reduced to finding for each consumer the value of the ordered product, minimizing the average
total cost of storing the unrealized product and losses from the deficit. The initial problem is reduced to solving a set of integral
equations solved, in general, numerically. It is shown that in particular, important for practice, particular cases, this solution is
achieved analytically.

The paper states the insufficient adequacy of the traditionally used mathematical models for describing fuzzy param-
eters of the problem, in particular, the demand. Statistical processing of real data on demand shows that the parameters of the
membership functions of the corresponding fuzzy numbers are themselves fuzzy numbers. Acceptable mathematical models
of the corresponding fuzzy numbers are formulated in terms of bifuzzy mathematics. The relations describing the membership
functions of the bifuzzy numbers are given. A formula is obtained for calculating the total losses to storage and from the defi-
cit, taking into account the bifuzzy of demand. In this case, the initial task is reduced to finding the distribution of supplies, at
which the maximum value of the total losses does not exceed the permissible value.

Keywords: production-consumption logistic system, transportation problem, fuzzy and bifuzzy demand, optimization of
fuzzy criteria.
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1. Introduction

The canonical transport problem of linear programming is formulated as follows [1-4].

Let there be m points of production of a certain product and n points of its consumption. Pro-
duction and consumption are balanced, i. e. total production and consumption are equal. The task
is in finding a rational transportation plan from production points to consumption points, at which
transport costs are minimal. The resulting transportation plan must meet the following requirements:

1) demand of each of the points of consumption must be fully met;

2) all the product produced at each production point must be used.

Let’s formalize the task. Let’s introduce the following notation:

X, — the number of units of the product transported from the i-th point of production to the
J-th point of consumption;

c,— the cost of transporting a unit of product from the i-th point to the j-th;

a,— the number of units of product produced in the i-th point;

bj — the number of units of product consumed in j-th point.

In the accepted notation, the problem is reduced to finding a set of variables {x;}, i=12,..,n,
minimizing the objective function

L({xl]}) = chijxij M
i=1 j=1
and satisfying the constraints
inj =b,, j=12..m )
i=1
z;xi]. =a;, i=12,..,m; 3)
=

xijZO, i=12,...m; j=12,.,n.

In the system of the assumptions made here, the most rigid and almost always broken is
the assumption that the magnitude of the demand at each of the consumption points is precisely
known. In this regard, it is much more natural to assume that there is uncertainty about the val-
ues bj., j=12,..,n. Its character may be different. If for each point of consumption a prelimi-
nary sampling of the demand values is obtained, then its standard statistical processing within the
framework of the theoretical probabilistic approach allows to obtain the distribution density of the
observed quantity of demand and its moments. In practice, this is not the case: the available data
are sufficient only to obtain satisfactory estimates of the range of possible values of demand at each
point and its mathematical expectation. This circumstance leads to the expediency of using a fuzzy
mathematics apparatus to describe the transportation system [5-9]. Let’s formulate the formulation
and solve the transportation problem under conditions when the demand at the points of consump-
tion is not clearly defined [10].

2. Mathematical model of transportation management under fuzzy demand

Taking this into account, let’s introduce a description of the possible demand values at
the points of consumption b]. by membership functions ¢; (bj), j=12,..,n. Some freedom that
emerges in this case when selecting the order quantity of a product z; has an important advantage,
since it allows to take into account differences in the amount of losses in case of an unsuccessful
selection of the order value. Let’s introduce:

R,(z;) —the magnitude of the losses occurring in cases where the order z; exceeds the
demand and there is a need to store unsold product;

R,(z;) — the magnitude of the losses that occur if the demand b]. at a particular j-th sales
point of the product exceeds the order z; and as a result there are losses from the shortage.
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It is clear that in this situation the set of values zZ;, j=1,2,..,n, must be chosen in some
reasonable way. In this regard, the initial formal formulation of the problem is converted to the
following: find sets Z=(z;) and X(Z)={x;((z,)}, and minimizing

ZENEIED WICHED W ACHED WARACH @

i=1 j=1

and satisfying the constraints

inj(zj):ai, i=12,..m, ®)
j=1
DX (z)=2;, j=12..n, ©)
i=1

2 z; = zaiv )
j=1 i=1
x,;(2,)20, i=12,..,m, j=12,.n ®)
Let’s obtain an analytic description of the functions, R,(z j) and R,(z . ), j=12,..,n Since

z; — fuzzy numbers, then any of their functions is also a fuzzy number. Using membership func-
tions ¢;(b,), let’s introduce functions

0,(b)=+—"—, j=12..1, )

where G; — the range of possible values
The obtained functions ¢, (b ;) have all the properties of the density distribution of random
variables: they are non-negative and satisfy the normalization condition, that is,

[ob)db; =1, j=12,..n (10)
G.

J

Then the function ¢ j(b ;) can be used to calculate the expected value of a fuzzy number z;.

m; = [b,o(b,)db;, j=12,...n, (1)
G;

which is a natural analogue of the expectation value of a random variable defined in probability
theory using its density.

In this case, the expected value of the cost of storing the unrealized part of the product will
be equal to

R(z)) =0, [ (2, ~b,)(b, )b, (12)
0

where o; — the average cost of storing a unit of product in j-th sales point, j= 1,2,...,n.
Similarly, let’s define the average losses from the deficit

R,(2))=B, J (b; = 2))o(b;)db;, (13)
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where B, — the average profit derived from the sale of a unit of product in the j-th sales point
j=12,..n.

The obtained relations (12) and (13) can be used to independently calculate rational values
z. for each of the sales points, minimizing the total storage costs of the unsold part of the product
and the loss from the deficit in this particular item. To this end, for the j-th sales point let’s introduce

Rj(zj):R1(Zj)+R2(Z_,): (Xjf(Z]- _bj)éj(bj)dbj +Bj]i(bj _Zj)&)j(bj)dbj =
a;z; f q;j(bj )db; _“.ff bj&).f (b;)db; +Bj]: b.i(T)j(bJ’ )db; _szj]: &).f(bj )db;,

j=12,..,n

Now let’s find a rational value z;by differentiating R;(z;) in z;, equating its result to zero
and solving this equation. Because

d 4 B d - B
d_zj‘([q)j(bj)dbj:q)j(zj)? d_’ZjJ¢j(bj)dbj=_¢j(Zj)’

d?, - . d 7, - .
d_Z]‘([qu)](b])db] = qu)j(zj)! d_;zj:b’¢7(b])db] = _qu)j(zj)y

then
% (Z ) .[ (b,)db, +ujzj$j(zj)—ajzj$j(zj)—szja)j(zj)—BchT)j(bj)dbj +b,2,6,(2))=
aj.,‘&)j(bj)dbj _Bj(1_J(T)j(bj)dbj)=(aj +|3])J‘(T)](bj)db, _B]‘ =0.

Hereof

z; ~ ~ Bj
£¢j(bj)db].)_ P (14)

The resulting equation is solved numerically with respect to z;, and if the function ¢ (b )
is integrable, then analytically. Let, for example, the distribution den51ty (]) (b;) corresponds to the

Rayleigh law, that is,
- b, bf
q)j(bj):gexp _2(52 .

In this case, the equation with respect to z,
2
z; B.
1—exp{— ]2}: L
20 o; +B;

z , o, o+
expi——-¢=1- P, =—21— z =t6v2In-~ P
2 J
20 o; +B; o

o +B;

from which
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Choosing a positive root

o, +B.
Z}O)Zcﬁln ! B], j=12..,n
o

7
The considered task becomes significantly more difficult if the parameters of the member-
ship function of a fuzzy demand value are not clearly defined. Let’s suppose that this demand x is
given by a triangular fuzzy number with the membership function (15)

(0, x<a,
x—a
, alx<c,
m(2)=1, 7% (1)
, c<x<b,
b-c
0, x>b.

Let’s suppose further, in the practical determination of the parameters (a, b, ) of the cor-
responding membership function, it turns out that these parameters can’t be defined precisely.
If fuzzy numbers are used to describe these parameters, the original number x turns out to be
bifuzzy. Such fuzzy numbers are introduced in [11], but the formal technologies for performing
operations on them are not defined. In connection with this, let’s consider the problem of describing
the membership function of a bifuzzy number [12].

Let, for example, the membership function of a fuzzy number x has the form (15). Suppose
now that the parameters of this membership function are fuzzy numbers. Let’s assume, for sim-
plicity, that, in particular, the parameter a of the membership function p (x) is a triangular fuzzy
number with the membership function u,(a) having the form

[0, a<a,
a-a,
, a,<a<c,
G —aq
u,(a)= (16)
b —a
, ¢ <ash,
b, —c,
0, a>b,

Let’s consider the situation. A fuzzy number x with the membership function (15) corre-

sponds to the degree of belonging to the universe X =[a,b], equal to (if @ < x < ¢) a crisp number
x —_—

a . . .
. If now a is a fuzzy number, then this degree of membership also becomes a fuzzy number,
c—a

because with fuzzy a a variety of membership functions p(x,a) arise, each of which for a fixed
number x sets the degree of number x membership to the new universe X =|[a,,b].

Let’s find the membership function of a fuzzy number u=(x—a)/)(c—a), which deter-
mines the degree of belonging of the bifuzzy number x to the universe X =][a,,b], taking into
account the parameter a ambiguity.

Using standard technology [5-9] and rules for performing operations on fuzzy numbers:

X

-a
u=f(a)= ,
c—a

a=f"(w=""".
u—1
In this case
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Then p(u)=u, (u).

The analytical expression for u, (u#) depends on the choice of value x.
Let x>b,. Then a€la,,b,].

At the same time let’s obtain

0, u<x_b1,
c—b
u(c—b1)—(ac—b1)y x—b, cu<t=
W (u)= (b —c)-ub—¢) c—b c=¢ (17)
¢ (x—a)-u(c—a,) x-g¢ u< 4
(c,—a)-u(c,—a) c—¢  c-a’
0, us>—4
c—a,
Now let ¢, x <b,. Then
[0, u<0,
u(c—x) ’ OSqu_Cl,
(x—c¢)—u(x—c) =6
(=9 (x—a)-u(c-a,) x—¢ r—a (18)
(¢,—a)~u(c,~a)  c—c c-a,’
0, us>—%
c—a,
Finally if a, <x <c¢,, then
0, u<0,
W ()= (3C—a1)_u(c_a1)7 O<u<x_a1, (19)
(—u)(x—a,) c—a,
0, u>m.
| c—a,

The technologies discussed above make it possible to obtain models of deep uncertainty in

problems of logistics based on analytical descriptions of the membership function of fuzzy vari-
ables that reflect the state and dynamics of the behavior of real objects.

The obtained relation for bifuzzy demand allows to solve the following problem in terms of

interval mathematics: to find the range of demand X, values for which the value and the member-
ship function pu(u) will not be lower than the specified

¥ €[ Xy, (), X, (W)].

The boundaries of the range are determined by the ratios
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— xmin (u)_a1 _ b_x (u)

max

)

c-a, b—c

from which

X, W=a +u(c-a), x,, (W)=b-ulb-c). (20)

max

Then, for any particular order z value, the range of values for the unrealized balance can
be determined.

rrem € [Z - xmax(u)’z - xmin (u)]’ (21)

as well as the range of possible deficit

rdef € [xmin (u) - Z’xmax (u) - Z]‘ (22)
Corresponding storage costs and losses from deficit are equal

R (zu)=or

R,(z,u)=Pr,,. (23)
Substituting (20)—(22) into (23), let’s obtain
R(zu)eo|z-x,, (u),z—x,,, (w)]=
o[z=(b-u(b-c¢)),z—(a, +u(c-a,)];
R,(zu)ePlx,,, (w)—zx,, (w)-z]=
Bla, +u(c—a,)—z,b—u(b—c)-z|.

At the same time, the range of possible values of total losses for given (z,u) is determined
by the ratio

Ry (zu) €0z =, () + B(x,,;, () — 2),002 - X, () + (0, (W) — 2,] =
=By, () — ox,,, () — 2(B—0), B, () — 0xy, (1) = 2(B— V). (24)

Relation (24) allows to formulate the following interval problem of choosing a rational value
of the volume of the ordered product: find z the maximum value of the total losses Ry (z,u) that
does not exceed the allowable value RY(zu). The sought value z” is determined, taking into
account (24) by solving the inequality:

meax (u) - (X'xmin (u) - Z(B - (x) S ng (25)
From which

Lo B, -0, @)

B-o

(26)

The modernization of the mathematical scheme for calculating the rational value of the
ordered product, taking into account the bifuzzy of demand for each consumer, necessitates a
corresponding modernization and criterion (4) of the initial supply management problem. At the
same time, it is natural to reformulate this task as follows: find sets z=(z;) and X(Z)= {xﬁ (2 )},
minimizing
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i=1 j=1

and satisfying constraints (5)—(8).
The most simple and effective procedure for solving this problem is implemented by the
Nelder-Mead method.

3. The results of the development of solutions to the management problem in a distributed
consumption system

The paper deals with the problem of supply management in a distributed system “suppli-
ers-consumers”. The traditionally used procedure for solving this problem is a two-step process. At
the first stage, for each consumer, taking into account the demand for the product being sold, the
task of calculating the rational value of the ordered product is minimized, minimizing the cost of
storing the unrealized balance and losses from a possible shortage. At the second stage, the usual
transport problem of linear programming is solved taking into account the formed set of orders for
the product delivered to the points of consumption. An alternative method for solving the original
problem is proposed using a complex criterion that takes into account the cost of transporting and
selling the delivered product. The implementation of this approach provides a tangible gain in the
total cost of sales of the product produced in a single production-delivery-consumption logistic
system. This gain grows as the volume of produced and sold product increases. The obvious advan-
tages of the proposed approach are confirmed by calculating the efficiency of a simple model of the
system under consideration, which contains two production points and five consumption points. At
the same time, a matrix of average delivery costs of a unit of product for each pair “producer-con-
sumer” and a vector of rational values of the ordered product are specified. The problem was solved
using the traditional two-step procedure, and then the proposed method. The gain in the total cost
of sales amounted to 8 %. With an increase in the total volume of the product sold twice the gain
increased to 11.2 %.

4. Discussion of the results of solving the problem of transportation management in the logis-
tic system under uncertainty conditions

A method is proposed for solving the problem of supply management in a production-de-
livery-consumption logistics system, taking into account the modification of the traditional
theoretical probabilistic mathematical model for describing the uncertainty of the initial data.
It is shown that a more adequate is a model that uses their binaries. The optimization problem
arising from this is not solved by traditional methods. In the paper, the desired solution is
obtained in terms of interval mathematics. The direction of further research: the development
of exact methods for solving optimization problems, the parameters of which are not clearly
defined [13, 14].

5. Conclusions

1. A method is developed for transportation management in a distributed production-deliv-
ery-consumption logistic system under conditions of high uncertainty in the source data, which is
described bifuzzy.

2. Unparalleled technology for calculating membership functions for fuzzy numbers, the
numerical parameters of which themselves are not clearly described, is developed.

3. A method is developed for solving a nontrivial optimization problem, the parameters of
which are given bifuzzy. In the well-known literature, such problems were not considered. To solve
the problem, an interval approach is proposed, which determines the approximate solution of the
problem, which asymptotically approaches the exact solution.
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