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1. Introduction

Let’s consider an autonomous third-order dynamic system describing the dynamics of firms
of producers (G), distributors (N) and consumers (P) of innovations. The initial equations within the
framework of the considered concept have the form:

S =(a-p)a G (o=

RS LS S

When specifying the factors of birth and death of firms in the form of linear additive
functions:

a=0a,+7,N+7,P, B=pB,+BG,
0= 6{*0 +Y21G+ ’Yz3Pa B = BO + BIN’
o= ao +’Y31G+’Y32N, B = Bo + BIP' &)

In [1] the following three-dimensional dynamical system is proposed:

(ii—(: = [(OLO - Bo)_ BIG]G + leGN + YI3GP’
(L—Ij = [(do - Bo) - B1N:|N + 'YleG + 723NP’
i—f: [(ao __0)_61P:|P+Y31PG+Y32PN’ ®

which is a model of pairwise cooperative interactions.
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Let’s show that the dynamical system (3) has eight singular points, as is done in [1], if

K=B, (723732 - EIEI )+ Yi2 (BlYZI + Y31723)+ Yis (Bl'Ym + 'Yz1'Y3z)a

then it is assumed that the initial birth rates of different types of firms are more than the initial rates
of their death, so if

o, —B, >0, 6(0—[30 >0, o,—B,>0,

that point 1 is an unstable node, and points 2—4 are saddles. Thus, there are no stable equilibrium states
of the dynamical system (3) with the disappearance (“extinction”) of two or three kinds of firms. Let’s
write all the singular points:

G*= N*=P*=0; 2.G*=N*=0, P*=—a°B_B°;
1

oPo =% P e peoy,

1 1

N (6(0 _60)31 +(6€0 _Bo) Vo pr (6(0 —I‘?V)O)'\{32 +( o, —BO ) ﬁ] '

o}

G*=P*=0, N*=

G*=0, L , - ;
BIBI “Vu¥n BIBI YT n
G*z(ao_Bo)_ﬁl"'(ao _Bo) YIS, N* =0, P*=(ao_Bo~) ’Y31+(6L0 _BO)BI
BlBl —TisTs BlBl YV
G*= (ao _B~0) ﬁl +(do _Bo)'le . N*= (ao _Bi)) Y2 +(5€0 _BO)BI L PE=0;
BIBI Y Y BIBI Y Ya

G*= [ (0(0 _Bo) ('st'Y 32_[3131)_( (BIYIZ YV ) ( ) (131713 + 712723)]
N*= I:_((xo _Bo) ( Yo+ 731) ( ) B, B1 Yis 731) ( B ) 112 +713721):|
P*:[_(ao_Bo)(B1731+Yzl 732) ( ) B1732+Y12 'Y31) ( O_BO)(BlBl T Y21)]/K’

b,)
-B.)(

A similar situation occurs in the cases 5-7, and then we have

a, _Bo = _BO: BF Ep Vo3 = Vs, N*=P*= BO (point 5);
i _723

o, =By =0 =By, B =Bi. vis =730 G*=P*=O—BO (point 6);
Bl i

o, —B, =6, _Bo» B.= 61, Yio = Y0, G*=N*= O:YBO (point 7).
1~ T

The case of the eighth singular point can be considered when

aO_BOZ do_Bo = aO—BZOC*,

then its coordinates take the form:
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G*=N*=P*= —o*(By) .
2y’ +3p*y* —(B*)

(4)

This expression will be positive when 27° +3B*y* —(B*)’ <0.
Substituting in this inequality y =n 3, where n — a positive real number, let’s obtain the in-

equality 0 <n < > Thus, in the interval 0 <7y < EY the coordinates of the eighth considered singular

point are positive.
The Jacobi matrix for the system (3) at the considered singular point G*=N*=P*=X* has the

form:
_B*X* YX* YX*
A=| yX* —B*X* YX* | (5)
'YX* YX* _B*X*

The corresponding characteristic equation can be obtained in the form:
[(B*+y)X*+2] [(B*X*+2) (-B*X*+9X*-2)+2y* (X*)* | =0, 6)

which has the following roots:
A, =-X*(B*+y)<0, A, =X*(2y-B*)<0. (7)

k
Thus, in the particular case (0<7y < % ) we obtain a stable node. It can be shown that obtained

local stability at a non-trivial point is global.

Let’s give several calculations of stable equilibrium states (4) for really possible values of
the model parameters. Thus, for obtained =50 year!, B*=4 (yearxfirm)', y=1 (yearxfirm)', we get
X'=25 firms, for a*=50 Year!, f*=4 (year of firms)!, y=3/2 (yearxfirms)™' we get X"=50 firms, where
in LimX' (y) ==

2. Literature review and problem statement

Analysis of the latest research and publications shows that within the framework of the
concept of “birth — death”, originating in population dynamics, in [2] the concept of cooperation
is considered and those interpretations that correspond to the paradigm of population dynamics
are singled out. At present, a much smaller amount of knowledge is devoted to the concept of
cooperation, in comparison with the concept of competition. The fact is that the process of compe-
tition was traditionally based on the research of market processes. This situation has not changed
significantly in the last quarter of a century. In order to substantiate the above, the statement was
conducted in the IAEA database “INIS”, containing more than 2 million abstracts of works on the
environmental-energy and environmental-economic issues, which showed the advantage of work
on the modeling of competitive interactions in the economy in comparison with similar coopera-
tion works in the ratio of 3:1.

In [3] the economic concepts of competition are analyzed, and their connections with the
principles of population dynamics are revealed. It is shown that the subject area of modeling of
competitive interactions is much more developed than cooperative ones, and in the stream of do-
mestic theses a negligible part of the research is connected with nonlinear models in the economy.
The selection of methods for the qualitative theory of dynamical systems as the most appropriate to
the classical behavioral approach in studying the processes of competitive-cooperative interactions
is substantiated.
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Further in [4] the model of competitive interactions in the general labor and capital markets
of an arbitrary number of countries is considered. Such model can be taken into account when con-
cluding agreements on cooperation between countries. The analogy of the considered relations are
contractual interactions offered by the countries of North America on the example of NAFTA, in
the conditions of which citizens with Canadian and Mexican citizenship have the right to visa-free
work and business in the USA. Detailed cases of this model for one country are analyzed in detail.
Equilibrium states are found in these cases, their stability is analyzed, and saddle-type bifurcations
are investigated.

In [5] the model of interaction of a labor and vacant jobs in a labor market is considered.
A detailed qualitative analysis of this model has been performed, and bifurcation features that
lead to dangerous (unstable) labor market functioning regimes have been sufficiently studied.
The conditions for the existence of a stable state of the dynamics of the unemployed popula-
tion and vacant jobs are found. Thus, a toolkit has been developed that allows to predict the
equilibrium levels of the unemployed population and vacant jobs. The papers [2—5] consider
the conceptual framework that will solve the problems of macroeconomic instability, but in the
context of solving problems at the micro- and meso-levels and Ukraine’s transition to the model
of innovative development.

Let’s define the range of previously unresolved parts of the general problem. In the light
of Ukraine’s likely transition to the model of innovative development, the transition from the
previously considered mathematical models with lumped parameters to mathematical models
with distributed parameters will be of great importance. This follows from the fact that tech-
nopolis can be represented in the form of regional innovation systems with distributed param-
eters (characteristics). Such system may include technology parks, scientific parks, innovation
funds, venture and consulting firms, higher education institutions, business schools, service
infrastructure, etc. Identify the main types of development of territorial systems in which diffu-
sion of innovation and the modern role of “semi-periphery” are realized, which is regarded as
an intermediate link between the “center” and “periphery” as a stabilizing element in the world
division of labor.

3. The aim and objectives of research

The main aim of this work is to analyze the mathematical model of diffusion of innova-
tions (1) with lumped parameters and their development in a mathematical model with distrib-
uted parameters. In the basis of constructing dynamic models with distributed parameters, it is
expedient to consider the kinetic-diffusion model of innovations. For this aim, the following
tasks are set:

1. Prove that the cooperative model of the dynamics of innovatively oriented firms is globally
stable at a non-trivial equilibrium point. Carry out numerous experiments and show the economic
interpretation of the attached results.

2. The diffusion model of innovation, which allows to determine the equilibrium levels of the
number of innovatively oriented firms (producers, distributors and consumers) develops to a model
with distributed parameters.

3. Identify the main types of development of territorial systems, within which diffusion
of innovation and the modern role of “semi-periphery” are realized, which is regarded as an
intermediate link between the “center” and “periphery” as a stabilizing element in the world
division of labor.

4. Materials and methods of research

The methodological basis of this research is the scientific works of domestic [1-6] and for-
eign scientists [7—18] in the field of modeling of socio-economic systems and economic dynamics.
The tools of system analysis, simulation modeling, socio-economic forecasting, based on the provi-
sions of economic theory, the theory of nonlinear dynamical systems and decision theory are used
in the study. The economic concepts of competition [3] and cooperation [2] are analyzed, and their
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connections with the principles of population dynamics [1, 4-14, 16] are revealed. The existing clas-
sifications of the methods of modeling socio-economic systems in the context of competitive-coop-
erative interactions are generalized, and a review of existing methods of such modeling is provided.
The selection of methods for the qualitative theory of dynamical systems as the most appropriate to
the classical behavioral approach in studying the processes of competitive-cooperative interactions
is substantiated.

5. Research results

In the basis of constructing dynamic models with distributed parameters, let’s propose a dif-
fusion model for innovations. In the framework of the model (3), this indicates that on the right-hand
side of this model one must introduce diffuse operators (terms) and to consider a system of partial
differential equations:

[9G PG G

E = [((xo _Bo) _BIG]G +v,GN+7v,,GP+ A, |:a7+yj|,

oN . = ~ *N  9°N

E = |:(0(0 _Bo) _BIN]N +721NG + stNP+ 7\'2 |:¥+ ayz :|9

JoP - = = 0P 9P

S =@ -B)-BP]P+7, PG+, PN 1, [ o ] ®

where X, y — the spatial coordinates.
On the basis of the analogy with the problems of heat transfer or impurities, it is well known
that in the absence of sources and drains

((XOZ&O:&O:BOZBOZBO:BIZBI:Blzo”yijzo)

and zero boundary conditions (at the periphery of the regional innovation system, the absence of in-
novative structures of all types is specified), a complete degradation of the spatial innovation system
occurs limG(x,y,E,t) =limN(x,y,,t)=limP(x,y,,t) = 0.

N our case, the f)?gsence of termlsﬁgenerated in the dynamical system (8) (at least terms
with positive coefficients Y, even if there is a zero boundary condition, can lead to boundaries in
complex spatial organizational structures (the process of spatial self-organization). Examples of
such models in the area of city formation are given in [15, 16]. Kinetically diffuse spatial math-
ematical models of the spread of innovations can be a good implementation of the conceptual
provisions laid down in many foreign theories of regional analysis and development.

In the framework of the diffusion approach, in accordance with the above-mentioned
types of territorial systems, two independent directions for the study of the dichotomy between
central and peripheral structures were formed: a narrower urban one, on which, for example, the
concept of growth poles is constructed and the wider regional (regional) underlying many con-
cepts and theories of recent times.

Let’s note that the concept of growth poles in different variations was placed in the basis
of regional programs of many countries. The creation of various poles and development centers
was originally intended to activate economic activity in other peripheral areas. This, for example,
is also directed at the existing European regional policy based on the creation of a network of
Euroregions (cross-border regions) and investment of funds (from the general budget of the EU)
in backward regions, with the aim of pulling them to the level of stronger regions. This regional
policy is implemented within the framework of a number of EU programs, for example, within
the framework of the INTERREG program. Simultaneously with the concepts of polarized de-
velopment, interest in concepts and theories explaining the process of constant reproduction of
unevenness in the development of countries and regions, as well as the reasons for maintaining
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backwardness, has recently increased. For example, according to “center-periphery” concept, un-
even economic growth and the process of spatial polarization inevitably generates disproportions
in the socio-economic development between the core and periphery.

The driving force for development and reproduction of the “center-periphery” system of
relations, in our opinion and the opinion of other researchers [1], is a constant qualitative trans-
formation of the core through the generation, introduction and diffusion of innovations. Despite
the fact that the innovation and information is spreading from the core to the periphery, the main
innovation transformation occurs within the core, in addition, the core constantly downloads all
kinds of resources from peripheral areas, also strengthens and fixes the differences between them,
weakening the periphery. We constantly observe these processes in all countries: the capitals are
extracting resources from regional centers, and regional centers are extracting resources from
their regions. We also observe processes where the industries that don’t correspond to the status
of the core as the main generator of scientific and technological progress are gradually being
pushed to the periphery. This process, known as the “diffusion of obsolete innovations”, plays an
important role in the transfer of growth impulses from the center to the periphery, contributing to
its development, although thus securing its firm subordination to the center.

The concept of semi-periphery is introduced in the development of the “center-periphery”
model [17, 18], which is regarded as an intermediate link between the center and the periphery,
connects the features of both, is exploited by the core, but exploits the periphery and is a kind of
stabilizing element in the world division of labor.

6. Discussion of research results

As it is determined, the scientific basis of this research is the scientific works of domestic
and foreign scientists and the authors’ work in the field of modeling of socio-economic systems
based on the provisions of modern economic theory (post-neoclassical synergetic paradigm),
the theory of nonlinear dynamical systems and decision theory. This research is a conceptual
basis that will solve the problems of macroeconomic instability in the country, but in the con-
text of solving problems at the micro- and meso-levels and Ukraine’s transition to the model
of innovation development, especially in the leading science-intensive city centers and regions
corresponding to them. It is proved that the cooperative model of the dynamics of innovatively
oriented firms is globally stable at a nontrivial equilibrium point. Conditions have been found
that make it possible to determine the equilibrium levels of the number of innovatively oriented
firms. The next step of the research (which is planned in the next works) is the numerical mod-
eling and forecasting of the necessary number of technology parks, scientific parks, innovation
funds, venture and consulting firms, higher education institutions, business schools, service
infrastructure, etc. to ensure the conditions for economic growth of the country and the region,
to solve the problems of employment.

7. Conclusions

1. A third-order autonomous dynamic system is proposed that describes the dynamics of
producers (G), distributors (N) and consumers (P) of innovations. In general, it can generalize that,
unlike the models of competitive interactions for which modes of rapid suppression of one so-
cio-economic object by another (saddle points) are observed in nontrivial points, the considered
cooperative model of the dynamics of innovatively oriented firms is globally stable at a nontrivial
equilibrium point. This indicates that, regardless of the initial state of the economic dynamic system,
it has a single stable equilibrium state. Thus, it is proved that the cooperative model of the dynamics
of innovatively oriented firms globally stable at a nontrivial equilibrium point. The economic inter-
pretation of the quantitative parameters of the model (3) is as follows.

For the first set of parameters o*=50 year' means the initial total rate of birth of innovatively
oriented firms (the difference between the initial rates of birth and death of firms) is equal to fifty firms
per year in terms of one firm; B*=4 (yearxfirm)" is the coefficient of internal firm competition for all
three classes of firms, indicates that 4 firms are dead in the year in terms of one firm of each class;
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v=1 (yearxfirm)'is the coefficient of inter-firm cooperation, indicates the annual growth of firms in
the amount of one firm in terms of one firm of each class. With these given parameters, a stable equi-
librium number of innovatively oriented firms in each of their classes is obtained in the number of
25 firms (the total number of firms of all classes is 3x25=75 firms). Further, we see that when the coef-
ficient yis increased by 1.5 (y=3/2) with constant other parameter values, a stable equilibrium number
of firms in each class increased by half (X"=50 firms). A further increase in the parameter 7y leads to a
sharp increase in the stable equilibrium value of X".

2. In the basis of constructing dynamic models with distributed parameters, a model of dif-
fusion of innovations is proposed. In the framework of the model (3), diffuse operators (terms) are
introduced in the right-hand side of this model and a system of partial differential equations (8) is
considered.

3. In our opinion, there are two main types of territorial systems in which diffusion of inno-
vations is carried out:

1) system of countries and regions of different levels of hierarchy, among which there is
always a more developed core (center) and a closely related periphery;

2) hierarchical system of cities as the main centers of innovation also includes more de-
veloped centers — generators of scientific and technological progress and the lower-order centers
dependent on them. For example, in Ukraine, 5 leading knowledge-based centers-cities have
already been formed for a long time: Kiev, Kharkov, Dnipro, Odessa, Lviv and corresponding
regions.

From the point of view of our models of dynamic systems, it is easy to see that considered
three-chain system can be described using a three-dimensional exploiter-victim model. Diffuse
operators can be introduced into this model and it is quite possible that the solution of this model
can lead to spatial and temporal periodic structures. To do this, it suffices to recall that in the
simplest three-dimensional model, without allowance for diffuse terms, periodic solutions arise.
Let’s note that the semi-periphery is the most dynamic link in the entire hierarchical system, as
a rule, the reorganization of the intermediate space occurs during periods of economic crises. In
these periods, obviously, a complex dynamics is observed, up to the presence of deterministic
chaos. Thus, to solve the problems of macroeconomic stability in the conditions of Ukraine’s
transition to the model of innovative development, the transition from the mathematical models
with lumped parameters to mathematical models with distributed parameters will be of great im-
portance. This follows from the fact that technopolis can be represented in the form of regional
innovation systems with distributed parameters (characteristics). Such system may include tech-
nology parks, scientific parks, innovation funds, venture and consulting firms, higher education
institutions, business schools, service infrastructure, etc.
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